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In this review we consider in detail different theoretical topics associated with interaction
in the dark sector. We study linear and non-linear interactions which depend on the dark
matter and dark energy densities. We consider a number of different models (including
the holographic dark energy and dark energy in a fractal universe) with interacting dark
energy (DE) and dark matter (DM), have done a thorough analysis of these models. The
main task of this review was not only to give an idea about the modern set of different
models of dark energy, but to show how much can be diverse dynamics of the universe
in these models. We find that the dynamics of a Universe that contains interaction in
the dark sector can differ significantly from the Standard Cosmological Model (SCM).
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1. INTRODUCTION
The driving forces behind scientific progress are contradictions between entrenched
thories and new observations. The Ptolemaic system was brought down not by
the heliocentric theory, but by the first telescopes. The discovery of accelerated
expansion of the Universe1, 2 was one such contradiction, and led to the replacement
of the Big Bang model with SCM. This model found great success. A vast number
of observations can be explained and reconciled between eachother if we assume
that we live in a planar Universe undergoing accelerated expansion,for which the
values of relative density of dark energy Ωde , dark matter Ωdm ,baryonic matter
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Ωb and radiation Ωr are
Ωdm = 23%± 4%;
Ωb = 4%± 0.4%;
Ωde = 73%± 4%;
Ωr = 5× 10−5
(1)
Unlike fundamental theories, physical models only reflect the current state of our
understanding of the process or phenomenon that they were created to describe.
A models flexibility plays a big part in its success a model must be able to mod-
ernize and evolve as new information comes in. For this reason, the evolution of
any broadly applied model is accompanied by multiple generalizations that aim to
resolve conceptual problems, as well to explain the ever-increasing array of observa-
tions.4 In the case of the SCM, one of the more promising directions of generalization
is the replacement of the cosmological constant with a more complicated, dynamic
form of dark energy,3, 5–7 as well as the inclusion of interaction between the dark
components.8–19, 21–28 Typically, DE models are based on scalar fields minimally
coupled to gravity, and do not implement the explicit coupling of the field to the
background matter. However there is no fundamental reason for this assumption in
the absence of an underlying symmetry which would suppress the coupling. Given
that we do not know the true nature of either DE or DM, one cannot exclude that
there exists a coupling between them. Whereas new forces between DE and normal
matter particles are heavily constrained by observations (e.g. in the solar system
and gravitational experiments on Earth), this is not the case for DM particles. In
other words, it is possible that the dark components interact with each other, while
not being coupled to standard model particles. In the absence of the aforementioned
underlying symmetry, the study of the interaction of DE and DM is an important
and promising research direction. Moreover, disregarding the potential existence of
an interaction between dark components may result in misinterpretations of obser-
vational data. Since the gravitational effects of DE and of DM are opposite (i.e.,
gravitational repulsion versus gravitational attraction), even a small change of their
relative concentrations can have an effect on cosmological dynamics. Models where
the DM component of the Universe interacts with the DE field were originally pro-
posed as solutions to the cosmic coincidence problem, since in the attractor regime,
both DE and DM scale in the same way. It is remarkable that the scaling solutions
in such models can lead to late-time acceleration, while this is not possible in the
absence of coupling. It can also produce interesting new features in the large-scale
structure. Therefore, the possibility of DE-DM interaction must be looked at with
the utmost seriousness.
2. PHYSICAL MECHANISM OF ENERGY EXCHANGE
Models where DM interacts with the DE field can be realized if we only make an
obvious assumption: the mass of the cold DM particles is a function of
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responsible for the present acceleration of the Universe. Variable-mass particles
generally arise in models where the scalar (quintessence) field is coupled to the
non-baryonic DM. Such a coupling represents a particularly simple and relatively
general form of modified gravity. These particles appear, in fact, in scalar-tensor
models and in simple versions of higher-order gravity theories in which the action
is a function of the Ricci scalar. In the lagrangian, these couplings could be of the
form g(ϕ)m0ψ¯ψ or h (ϕ)m
2
0φ
2 for a fermionic or bosonic dark matter represented
by ψ and φ respectively, where the functions g and h of the quintessence field ϕ
can, in principle, be arbitrary. Let’s demonstrate the mechanism behind how the
interaction appears by looking at a simple model.22 The dark matter particles in
this model will be collisionless and nonrelativisic. Hence, the pressure of this fluid
and its energy density are
pdm = 0, ρdm = nm, (2)
where m is the rest mass and n is the number density. We define
m = λϕ, (3)
where λ is a dimensionless constant and ϕ is a scalar field. The energy density
associated with this fluid is thus
ρdm = λnϕ. (4)
We will assume that this species of particle froze out in the early Universe so that the
comoving number density of dark matter particles is constant during the epochs of
interest, i.e the particles are neither created nor destroyed. Thus, the number density
is only a function of physical volume and n = n0a
−3, where n0 is the present number
density of dark matter particles. The energy density and pressure associated with
the scalar field in the potential V (ϕ) are:
ρϕ =
1
2
ϕ˙2 + V (ϕ) , ρϕ =
1
2
ϕ˙2 − V (ϕ) . (5)
Since the energy density of the dark matter particles depends on ϕ , the scalar field
feels an additional effective potential when it is in a “bath” of dark matter particles.
Taking this effect into account, the equation of motion for the scalar field becomes
ϕ¨+ 3Hϕ˙+
dVeff
dϕ
= 0,
Veff = V (ϕ) + λnϕ.
(6)
Consequently,
ϕ¨+ 3Hϕ˙+
dVeff
dϕ
= −λn0a−3. (7)
The only difference between this equation and that of a noninteracting dynamical
dark energy model is the term on the right hand side, which accounts for the inter-
action. Let’s take a small detour. In the model which consists of a scalar ϕ and a
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particle species ψ (bosonic or fermionic), the mass of ψ is imagined to come from
the vacuum expectation value of 〈ϕ〉 , with the constant of proportionality being
some dimensionless parameterλ
mψ = λ 〈ϕ〉 . (8)
As an example,9 let’s look at the following potential:
V (ϕ) = u0ϕ
−p (p > 0) . (9)
This model possesses no stable vacuum state; in empty space ϕ tends to roll to
infinity. We consider instead the behavior of ϕ in a homogeneous background of
ψ with the number density nψ . In that case, the dependence of the free energy
on the value of ϕ comes both from the potential V (ϕ) and the rest energy of
the ψ particles, which have a mass proportional to ϕ . The equilibrium value of a
homogeneous configuration is therefore one which minimizes an effective potential
of the form
Veff (ϕ) = V (ϕ) + λnψϕ. (10)
The additional contribution to the effective potential is related to the fact that
an increase of ϕ leads, in this model, to the increase of the density of energy of
ψ-particles on account of an increase in their mass. The expectation value of ϕ is
〈ϕ〉 =
(
pu0
λnψ
)1/1+p
. (11)
The mechanism of the increase of the mass of the ψ - particles is clear: mψ ∝ 〈ϕ〉 ∝
(nψ)
−1/1+p
, and in an expanding Universe, the density nψ falls as time passes -
nψ ∝ a−3 .
In order to derive an evolution equation for the dark matter energy density, we
first consider the divergence of the stress-energy tensor for each dark component.
Since neither dark component interacts directly with any other species, the diver-
gence of the sum of their stress-energy tensors must vanish. However, due to the
interaction, the divergence of each stress-energy tensor is not necessarily zero. The
derivative operator is linear, so †
∇µ
(
T(dm)
µ
ν
+ T(ϕ)
µ
ν
)
= ∇µT(dm)µν +∇µT(ϕ)µν = 0, (12)
which implies
∇µT(dm)µν = −∇µT(ϕ)µν . (13)
†We use the signature (+,−,−,−), and definition Rρσµν = ∂µΓ
ρ
νσ − ∂νΓ
ρ
µσ + Γ
ρ
µλΓ
λ
νσ − Γ
ρ
νλΓ
λ
µσ ,
Rνµ = R
β
νβµ
, R = gµνRµν .
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The stress-energy tensor for the nonrelativistic dark matter, T(dm)
µ
ν
, is fairly simple.
The only nonvanishing component is T(dm)
0
0
= ρdm. For the scalar field, the stress-
energy tensor is
T(ϕ)
µ
ν
= ∂µϕ∂νϕ− δµν
[
1
2
∂αϕ∂αϕ− V (ϕ)
]
, (14)
and its divergence is
∇µT(ϕ)µν = ∂µT(ϕ)µν + Γ
µ
µβT(ϕ)
β
ν
− ΓβµνT(ϕ)µβ = −
(
ϕ¨+ 3Hϕ˙+
dV
dϕ
)
∂νϕ. (15)
Using the equation of motion for the scalar field (7), this expression simplifies to
∇µT(ϕ)µν = λn∂νϕ. (16)
The evolution equation for the dark matter energy density is then calculated by
combining (12)-(16):
∇µT(dm)µ0 = ρ˙dm + 3Hρdm = λnϕ˙. (17)
In this case, too, the inclusion of interaction leads to the appearance of a “source”
in the right side of the “conservation equation”. In the presence of a flux of energy
between the dark components, this term must be taken with quotation marks. Let’s
now look at alternative ways of introducing dark sector interaction. Dark energy
represents the simplest explanation for the acceleration of the Universe within the
ΛCDM paradigm. Dark energy is generally associated with a cosmological constant,
and can be thought of as being physically equivalent to vacuum energy. We define29
a vacuum energy, V, as having an energy-momentum tensor proportional to the
metric
T µν = V g
µ
ν . (18)
By comparison with the energy-momentum tensor of a perfect fluid
T µν = (ρ+ p)u
µuν − pgµν . (19)
we identify the vacuum energy density and pressure with ρ = −p = V . A vacuum
energy that is homogeneous throughout spacetime, ∇µV = 0 , is equivalent to a cos-
mological constant in Einstein gravity Λ = 8πGV . We will consider the possibility
of a time and/or space dependent vacuum energy. From Eq. (18) we have
∇µTˆ µν = Fν , Fµ ≡ ∇µV. (20)
We can therefore identify an inhomogeneous vacuum, ∇µV 6= 0 , with an interacting
vacuum, Fµ 6= 0. The conservation of the total energy-momentum (including matter
fields and the vacuum energy)
∇µ
(
T(de)
µ
ν
+ T(dm)
µ
ν
)
= 0. (21)
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implies that the vacuum T(de)
µ
ν
or dark energy transfers energy-momentum to
or from the matter fields T(dm)
µ
ν
∇µT(de)µν = −T(dm)µν = Fν , (22)
where the Fµ is the 4-vector of interaction between dark components and its form
is not known a priori.
We must now see how dark sector interaction affects the actual dynamics - the
Friedmann equations - and therefore obtain general equations of motion for dark
energy interacting with dark matter.30 We assume a Universe formed by only dark
matter and dark energy. The equations of motion that describe the dynamics of the
Universe as a whole are the Einstein field equations
Rµν − 1
2
Rgµν = 8πG
(
T(de)µν + T(dm)µν
)
, (23)
Equations (22) can be projected on the time or on the space direction of the
comoving observer. We project these equations in a part parallel to the velocity uµ
uµ∇νT(dm)µν = −uµFµ,
uµ∇νT(de)µν = uµFµ,
(24)
and in other part orthogonal to the velocity using the projector hβµ = gβµ − uβuµ
hµβ∇νT(dm)µν = −hµβFµ,
hµβ∇ν∇νT(de)µν = hµβFµ. (25)
Using (19) , (24) and (19) we obtain the Euler equations for each component,
hµβ∇µpdm + (ρdm + pdm) uµ∇µuβ = −hµβFµ,
hµβ∇µpde + (ρde + pde)uµ∇µuβ = hµβFµ . (26)
We assumed that the background metric is described by the flat FLRW metric
. In the comoving coordinates we choose uµ = (1, 0, 0, 0). With this choice
∇µuµ = 3H,
uµ∇µuν = 0 . (27)
Using the notation uµFµ = Q(a), we transform the equations (26) to their final
form
ρ˙dm + 3Hρdm = Q,
ρ˙de + 3H(ρde + pde) = −Q. (28)
The function Q(a) is known as the interaction function, and depends on the scale
factor. We note that the equations (25) are satisfied identically (taking into account
the condition hµνFν = 0 ) and do not produce any new equations.
The presence of interaction between the dominant dark components can be
interpreted in a different light. In accordance with current theories, the surrounding
macroworld is controlled by electromagnetic and gravitational forces. Can we be
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sure that there are no other forces in nature besides the ones we know? This is a
delicate question. One thing is certain - if these forces exist, they must be so weak
on analysed spatial scales so as not to go outside of the margin of error of existing
prescision measurements. The introduction of new forces requires the definition of
objects between which they act, their intensity and radius of action.
The idea of a long-range “fifth force” (besides strong, weak, electromagnetic and
gravitational forces) is a very popular and old one, although it’s hard to incorporate
it into a compelling working model. Hopes (and even announcements of discoveries of
such forces) were quickly replaced with disappointment. With the discovery of dark
sector interaction, however, many are looking at this field with renewed interest.
Currently, the physics of the dark sector is effectively unknown. Due to this, greater
and greater popularity is being obtained by scenarios in which a purely dark sector
interaction exists, resulting from a nonminimal coupling of dark matter to a scalar
field, and this coupling in turn is interpreted as the fifth force.
Instead of coupling dark matter to dark energy, we can modify the coupling of
dark matter particles with themselves. One class of models of this type34 involve
an interaction between fermionic dark matter, ψ, and an ultra-light pseudo scalar
boson, ϕ, that interacts with the dark matter through a Yukawa coupling with the
strength g, described by the Lagrangian,
L = iψ¯γµ∇µψ −mψψ¯ψ − 1
2
∇µϕ∇µϕ− 1
2
mϕϕ
2 + gϕψ¯ψ. (29)
For g 6= 0 , on scales smaller than rs = m−1ϕ , the Yukawa interaction acts like a
long-range fifth force in addition to gravity. The effective potential felt between two
dark matter particles is
V (r) = −Gm
2
ψ
r
[
1 + α exp
(
− r
rs
)]
. (30)
with α = 2g2
M¯2P
m2ψ
, M¯P = (8πG)
−1/2 . The cosmological implications of Yukawa-
like interactions of dark matter particles have been considered across a range of
astrophysical scales.
The term fifth force” is usually brought up in a select few cases:38 couplings be-
tween dark energy and dark matter (coupled quintessence); couplings between dark
energy and neutrinos; universal couplings with all species (scalar-tensor theories and
f(R)). In all of these cosmologies the coupling produces a fifth force, complementary
to standard gravitational attraction. The availability of a new force, generated by
the DE scalar field (at times called the cosmon,8 seen as the agent of cosmological
interaction) can substantially change the growth of the cosmic structure.113–117
The scalar field, providing an additional degree of freedom (which can either
indirectly interact with other types of matter via gravity or be directly related
to the matter), generates a fifth force, which acts on the matter and violates the
Weak Equivalence Principle (WEP). The possibility of direct interaction between
the scalar field and other matter fields is in agreement with the assumption that
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this type of interaction can help resolve the coincidence problem (see subsection
9.2). In the case of direct interaction between the scalar field and baryons, the
baryons must experience the action of the fifth force, which is severely constrained
by observations, as long as there are no special mechanisms that suppress this effect.
The resolution of this problem may lie in the assumption that the scalar field only
interacts with dark matter.
The interaction of the scalar field with dark matter could affect cosmic structure
formation in different ways.38, 116 First of all, this interaction will change the rate of
the background expansion of the Universe, which in turn affects the clusterization
rate of matter particles; secondly, the interaction changes the effective mass of the
dark matter particles, thereby changing the source term of the Poisson equation due
to the added contribution of the density perturbations of the scalar field; third, this
interaction will cause a fifth force to appear between the matter particles, which will
lead to more intense clusterization of matter; finally, there will appear an additional,
velocity-dependent force, that acts on the particles of matter and that can either
be interpreted as a part of the fifth force, or as an additional force of friction, which
will also lead to more intense clusterization of these particles. It must be stated that
not all models prominently feature these effects - often, one or more of these effects
can be ignored.
Let’s look at how the main equations change, completely following.38
In order to get the equations of motion that interest us, we start from a La-
grangian
L = 1
2
[
R
κ
−∇aϕ∇aϕ
]
+ V (ϕ)− C(ϕ)LDM + LS, (31)
where R is the Ricci scalar, κ = 8πG with G as the gravitational constant, LDM
and LS are respectively the Lagrangian densities for dark matter and standard
model fields, ϕ is the scalar field, and V (ϕ) its potential; the coupling function
C(ϕ) describes the coupling between ϕ and dark matter. A model is fully specified
when V (ϕ) and C(ϕ) are given.
Varying the total action with respect to the metric gab, the following expression
for the total energy-momentum tensor in this model can be obtained:
Tab = ∇aϕ∇bϕ− gab
[
1
2
∇c∇cϕ− V (ϕ)
]
+ C(ϕ)TDMab + T
S
ab, (32)
where TDMab and T
S
ab are the energy-momentum tensors for (uncoupled) dark matter
and standard model fields. Clearly, the existence of the scalar field and its interaction
with matter fields changes the form of the energy-momentum tensor, and therefore
changes the rate of the background expansion of the Universe, which in turn affects
structure formation.
A nonminimally coupled scalar field generates a direct interaction (fifth force)
by exchanging quanta of the scalar field with dark matter particles. This can best be
illustrated by tracing the changing geodesic equation for particles of dark matter.
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d2r
dt2
= −~∇Φ− Cϕ(ϕ)
C(ϕ)
~∇ϕ, (33)
where r is the position vector, t is the (physical) time, Φ is the Newtonian potential
and ~∇ is the spatial derivative. Cϕ = dC/dϕ. The second term on the right-hand
side is the fifth force and only exists for coupled matter species (dark matter in our
model). As stated before, the fifth force also changes the dark matter’s clusterization
capability. Note also that on very large scales, the scalar field ϕ must be uniform,
and therefore, the fifth force must vanish.
As already mentioned, in terms of the Lagrangian, the coupling is introduced by
allowing the mass m of matter fields to depend on a scalar field φ via the function
m(φ), which defines the interaction. As an example, let’s look at an analogous action
with a more concretely defined, Yukawa-like type of interaction:
S =
∫
d4x
√−g
[
1
2
∂µφ∂µφ+ U(φ) +m(φ)ψ¯ψ − Lkin[ψ]
]
, (34)
where U(φ) is the potential in which the scalar field φ rolls, ψ describes matter fields,
and g is defined in the usual way as the determinant of the metric tensor. Using the
standard relations (index α corresponds to all of the interacting components)
∇νT ν(α)µ = Q(α)µ , (35)
with the constraint ∑
α
Q(α)µ = 0, (36)
one can obtain the background conservation equations:
dρφ
dη
= −3H(pφ + ρφ) + β(φ)dφ
dη
(1− 3wα)ρα , (37)
dρα
dη
= −3H(pφ + ρφ)− β(φ)dφ
dη
(1− 3wα)ρα. (38)
The choice of the mass function m(φ) corresponds to the choice of β(φ) and, there-
fore, to the source of interaction Q(α)µ, thereby defining the intensity of the inter-
action:
Q(φ)µ =
∂ lnm(φ)
∂φ
Tα ∂µφ , mα = m¯α e
−β(φ)φ. (39)
Like with the equations for the perturbations, the interaction can be included
into the modified Euler equation
dvα
dη
+
(
H− β(φ)dφ
dη
)
vα −∇ [Φα + βφ] = 0 . (40)
The Euler equation in terms of the cosmic time (dt = a dτ) can also be rewritten
as the equation of motion of a particle with the coordinate r:
v˙α = −H˜vα −∇ G˜αmα
r
. (41)
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This last equation explicitly contains all of the main terms that are caused by
interaction:
(1) a fifth force ∇ [Φα + βφ] with an effective G˜α = GN [1 + 2β2(φ)] ;
(2) a velocity dependent term H˜vα ≡ H
(
1− β(φ) φ˙H
)
vα
(3) a time-dependent mass for each particle α, evolving according to (39).
Therefore, the scalar field interaction affects the growth of cosmic structure
chiefly owing to a velocity-dependent force(a so-called fifth force), but also due to
an alteration of the particle mass (or the source of the Poisson equation) and a
modification of the rate of the background expansion of the Universe.
From this, it follows that the fifth force, which is the most well-known conse-
quence of a interaction between dark matter and a scalar field, is not the only one
(and sometimes not even the most significant one) that affects the structure forma-
tion. Depending on the type of bond between the scalar field and the dark matter,
other new effects are also brought in, and could have important consequences.
3. Phenomenology of Interacting Models
We have already stated that since there is no fundamental theoretical approach
that may specify the functional form of the coupling between DE and DM, presently
coupling models are necessarily phenomenological. Of course, one can always provide
arguments in favour of a certain type of correlation. However, until the creation of a
microscopic theory of dark components, the effectiveness of any phenomenological
model will be defined only by how well it corresponds to observations.
The interaction between dark matter and dark energy is described by following
modified energy conservation equations
ρ˙dm + 3Hρdm = Q,
ρ˙de + 3H (1 + wde) ρde = −Q. (42)
Here Q is the rate of energy transfer and wde is the equation of state parameter
(EoS) . The sign of Q defines the direction of the energy flux:
Q
{
> 0
< 0
→ energy transfer is
{
dark energy → dark matter
dark matter → dark energy
We will focus our attention on DE in the form of a scalar field. In this case
wde = wϕ =
pϕ
ρϕ
=
1
2 ϕ˙
2 − V (ϕ)
1
2 ϕ˙
2 + V (ϕ)
(43)
The modified (by interaction) Klein-Gordon equation is
ϕ¨2 + 3Hϕ˙+
dV
dϕ
= −Q
ϕ˙
. (44)
It is useful to note that the system (42), which describes the interactiong dark
components, can be transformed into the standard form that corresponds to non-
interacting components by re-defining the parameters wde wdm = 0.
35 If we write
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the equations (42) in the form
ρ˙i + 3H(1 + weff,i)ρi = 0, i = de, dm, (45)
then
weff,dm = − Q
3Hρdm
, weff,de = wde +
Q
3Hρde
, (46)
It follows that
Q > 0→
{
weff,dm < 0 dark matter redshifts slower than a
−3
weff,de > wde dark energy has les accelerating power
Q < 0→
{
weff,dm > 0 dark matter redshifts faster than a
−3
weff,de < wde dark energy has more accelerating power
If we ”turn off” the interaction (Q = 0), we return to the original EoS
parameters:weff,dm = wdm = 0, weff,de = wde
The equation (178) can be given an alternative interpretation. It is convenient
to introduce the effective pressures Πdm and Πde
Q ≡ −3HΠdm = +3HΠde, (47)
with the help of which
ρ˙dm + 3H(ρdm +Πdm) = 0,
ρ˙de + 3H (ρde + pde +Πde) = 0
. (48)
In this case, the conservation equations formally look as those for two independent
fluids. A coupling between them has been mapped into the relation Πdm = −Πde .
In order to illustrate how interaction between the dark components acts on
cosmological dynamics, consider the time evolution of the ratio r ≡ ρdm/ρde ,
r˙ =
ρdm
ρde
(
ρ˙m
ρm
− ρ˙de
ρde
)
= 3Hr
(
wde +
1 + r
ρdm
Q
3H
)
(49)
Let’s analyse the obtained expression36 We take r = r0a
−ξ (r0is the energy-density
ratio at the present time and ξ is a constant, non-negative parameter). In this case,
for the interaction term, we obtain
Q
3Hρdm
= −wde +
ξ
3
1 + r
. (50)
Eq. (50) demonstrates that by choosing a suitable interaction between both com-
ponents, we may produce any desired scaling behavior of the energy densities. The
uncoupled case, corresponding to Q = 0 , is given by ξ/3 + wde = 0 . The SCM
model ( the special uncoupled case) corresponds to wde = −1, ξ = 3 . Generally,
interacting models are parameterized by deviations from ξ = −3wde . Any solution
which deviates from ξ = −3wde represents a testable, non-standard cosmological
model. For ξ > 0, the interaction (50) becomes very small for a≪ 1 . Consequently,
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the interaction is not relevant at high redshifts. This guarantees the existence of an
early matter-dominated epoch. Note also that energy transfer from DE to DM, i.e.
Q > 0 , requires wde +
ξ
3 < 0.
Let’s now lay some ground rules for dynamical systems that are described by the
Eqs (42).37 To accomplish this, it is convenient to introduce an effective pressure
Π by Q = −3HΠ and to replace the derivatives with respect to cosmic time with
derivatives with respect to ln a3 , denoted by a prime. Then, the dynamics of the
two-component system are given by
ρ′dm
ρdm
= −1− Πρdm ,
ρ′de
ρde
= −(1 + wde) + Πρde
. (51)
or, alternatively, by
ρ′ = −
(
1 + wde1+r
)
ρ,
r′ = r
[
wde − (1+r)
2
rρ Π
] . (52)
In the interaction-free limit Π = 0, the stationary point rs = 0 together with
wde = −1 corresponds to the de Sitter space as the long-time limit of the SCM
model. This important result can be clarified in the following way. The system (52),
in the absence of interaction, is equivalent to the following system for the relative
densities Ωdm and Ωde
Ω′dm = wdeΩdmΩde,
Ω′de = −wdeΩdmΩde (53)
The system has two stable points: Ωdm = 1, Ωde = 0 (Einstein-de Sitter Universe)
and Ωdm = 0, Ωde = 1(de Sitter Universe), of which only the second one (for
wde < 0 ) is stable.
The relevant critical points of the first equation of (52) are given by
rc = −(1 + wde) (54)
Consequently, for positive values of r , the existence of a critical point requires
wde < −1 , i.e., dark energy of the phantom type. This conclusion does not depend
on the interaction. A non-zero stationary value for the ratio r can be interpreted as
an alleviation of the coincidence problem. The condition r′ = 0 together with (54)
provides us with
ρc = − wde
1 + wde
Πc. (55)
In general, Πc = Πc (ρc, rc) . Therefore (55) is not an explicit relation for ρc .
Moreover, ρc remains undetermined for a linear dependence of Π on ρ . This case
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is degenerate and does not admit a dynamical system analysis. On the other hand,
for Π ∝ ρ the system of equations (52) breaks up into non-related equations, and
can be subsequently solved.
Since w < −1 , a positive stationary energy density ρc in (55) requires Πc < 0 ,
which is equivalent
to Qc > 0 . Regardless of the specific interaction (excluding only a linear de-
pendence (Π ∝ ρ)), the existence of the critical points rc and ρc requires a transfer
from dark energy to dark matter . We emphasize that the results for the critical
points so far do not depend on the structure of interaction.
During comparisons of model dynamics with observational results, it is useful
to analyse all dynamic variables as functions of redshift, not of time. Lets use the
fact that
d
dt
=
d
dz
dz
da
da
dt
= −(1 + z)H(z) d
dz
and transform the base equations (42) to the form
dρdm
dz − 31+zρdm = − Q(z)(1+z)H(z) ,
dρde
dz − 31+z (1 + wde)ρde = Q(z)(1+z)H(z)
. (56)
Also, let’s introduce30 the dimensionless interaction function IQ(z) ,
IQ(z) ≡ 1
ρ0crit(1 + z)
3H(z)
Q (z)
Moving to relative densities, we finally get
dΩdm
dz − 31+zΩdm = −(1 + z)2IQ(z),
dΩde
dz − 31+z (1 + wde)Ωde = (1 + z)2IQ(z)
. (57)
The function IQ(z) is useful during analysis of observational data.
30
3.1. Simple Linear Models
In general, the coupling term Q can take any possible form Q = Q (H, ρdm, ρde, t)
. However, physically, it makes more sense that the coupling be time-independent.
Among the time-independent options, preference is given to a factorized H de-
pendence Q = Hq(ρdm, ρde) . During this kind of factorization, the effects of the
coupling on the dynamics of ρdm and ρde become effectively independent from the
evolution of the Hubble scale H .The latter is related to the fact that the time
derivatives that go into the conservation equation can be transformed in the fol-
lowing way: d/dt→ Hd/d ln a. It is important to note, [29], that the decoupling of
the dynamics of the two dark components from H is valid in any theory of gravity,
because it is based on the conservation equations. Any coupling of this type can be
approximated at late times by a linear expansion
q = q∗0 + q
∗
dm (ρdm − ρdm,0) + q∗de (ρde − ρde,0) , (58)
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the constants q∗0 , q
∗
dm, q
∗
de can always be redefined in order to give the coupling
q the form
q = q0 + qdmρdm + qdeρde. (59)
Special cases of this general expression:
q ∝ ρdm, q0 = qde = 0;
q ∝ ρde, q0 = qdm = 0;
q ∝ ρtotal, q0 = 0, qdm = qde
. (60)
Lets look at these special cases in greater detail. It can be shown,40 that the
introduction of the coupling function δ(a) between dark energy and dark matter as
δ(a) =
d lnmψ(a)
d ln a
. (61)
(see Section 2) results in the following equation for the evolution of the DM energy
density ρdm
ρ˙dm + 3Hρdm − δ (a)Hρdm = 0. (62)
The time dependence of the DM energy density is easily obtained as the solution of
(62)
ρdm(a) = ρ
(0)
dma
−3 exp
(
−
∫ 1
a
δ(a′)d ln a′
)
. (63)
This solution shows that the interaction causes ρdm to deviate from the standard
SCM scaling - a−3.This is related to the fact that if the dark energy is decaying
into dark matter particles, this component will dilute more slowly compared to its
conserved evolution. Consider the simple example of a constant coupling δ . In this
case we obtain
ρdm(a) = ρdm,0a
−3+δ. (64)
The deviation from the standard evolution is characterized by a positive interaction
constant δ .
The conservation of the total energy density implies that the dark energy density
should obey
ρ˙de + 3H (ρde + pde) + δ(a)Hρdm = 0. (65)
The solution of this equation for a constant EoS parameter wde and constant cou-
pling δis
ρde(a) = ρde,0a
−3(1+wde) +
δρdm,0
δ + 3wde
(
a−3(1+wde) − a−3+δ
)
. (66)
The first term is the usual evolution of dark energy at δ = 0. From this solution, it
is easy to see that one must require a positive value of the coupling δ > 0 in order to
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have a positive value of ρde for earlier epochs of the Universe. For wde = −1, δ 6= 0
this expression reduced to
ρΛ(a) = ρΛ,0 − δρdm,0
3− δ a
−3+δ. (67)
This expression can be interpreted in terms of a time-dependent cosmological con-
stant Λ(t) (see section Λ(t))
Before going further, lets also write, without any additional comments, the forms
of the densities of energy ρde(a) and ρdm(a) for the case of Q = δHρde (δ = const)
:
ρde(a) = ρde0a
−[3(1+wde)+δ],
ρdm (a) =
−δρde0
3wde+δ
a−[3(1+wde)+δ] +
(
ρdm0 +
δρde0
3wde+δ
)
a−3
. (68)
Let’s now look at a more general linear model for the expansion of a Universe that
contains two fluids with the equations of state41, 42
p1 = (γ1 − 1) ρ1,
p2 = (γ2 − 1) ρ2 . (69)
and energy exchange
ρ˙1 + 3Hγ1ρ1 = −βHρ1 + αHρ2,
ρ˙2 + 3Hγ2ρ2 = βHρ1 − αHρ2, (70)
Here α and β are constants describing the energy exchanges between the two fluids.
Using (70) and first Friedmann equation we can eliminate the densities to obtain a
single master equation for H(t) ,
H¨ +HH˙ (α+ β + 3γ1 + 3γ2) +
3
2H
3 (αγ1 + βγ2 + 3γ1γ2) =
= H¨ +AHH˙ +BH3 = 0,
A ≡ α+ β + 3γ1 + 3γ2, B ≡ 32 (αγ1 + βγ2 + 3γ1γ2)
(71)
The equation (71) has a simple solution
H =
h
t
, h 6= 0, (72)
as long as the following demand holds true
Bh2 −Ah+ 2 = 0, (73)
Since the solution of this equation is
h± =
A±√A2 − 8B
2B
(74)
real power-law solutions for H(t) exist if A2 ≥ 8B . It can be shown [32], that for
α, β, γ1, γ2 ≥ 0 and γ1 6= γ2 this inequality is always satisfied. For A2 > 8B we find
the solution
H2 = a−A/2
(
c1a
√
A2−8B/2 + c2a−
√
A2−8B/2
)
(75)
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where c1 and c2 are constants. As a→∞
H2 → a−(A−
√
A2−8B)/2 (76)
and, as a→ 0,
H2 → a−(A+
√
A2−8B)/2 (77)
These two equations can be integrated to obtain
a± ∝ t(A±
√
A2−8B)/2B . (78)
These asymptotics correspond to the solution of (72), provided that (74) hold true.
By integrating (75) we can show explicitly the existence of the above power-law
attractors, and the smooth evolution of a between them.
The conservation equations (65) can be used to construct the second-order dif-
ferential equation
ρ′′2
ρ2
+A
ρ′2
ρ2
+ 2B = 0 (79)
where primes denote derivative with respect to the variable N = ln a . This equation
can be solved for ρ2 ,
ρ2 = ρ20a
M , (80)
where ρ20 is constant and 2M = −A ±
√
A2 − 8B . For the density of the second
component, we find
ρ1 = ρ10a
M , (81)
where ρ10 =
N+3γ+α
β ρ20 is constant. It is immediately apparent that ρ2 and ρ1
evolve at the same rate and so the ratio ρ2/ρ1 is a constant quantity
ρ2
ρ1
=
β
N + 3γ1 + α
. (82)
It is this constant ratio of energy densities of two fluids (during a period described
by the power-law evolution (78)) with different barotropic indices γ1,2 that looks
very promising from the point of view of the possible resolution of the coincidence
problem (see section 9.2).
As an example of the effectiveness of the above analysis, let’s look at the case of a
decaying cosmological constant located in equilibrium with a radiation background.
In this case γ1 = 0, γ2 = 4/3, α = 0, β > 0 and therefore
A = β + 4,
B = 2β,
δ = BA2 =
2β
(β+4)2
,
h+ =
1
2 , h− =
2
β
(83)
The first of these corresponds to the degenerate situation with pure radiation
(H = 1/2t) . The second solution has a ∝ t2/β and requires β > 3 if the evolu-
tion of the Universe is to have a matter-dominated era following a radiation era. As
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the value β increases, the dominance of the vacuum contribution slows the expan-
sion whereas in the limit β → 0 the expansion rate increases without bound and the
dynamics approach the usual vacuum-energy dominated de Sitter expansion with
a ∝ exp (√ρ1t/3) .
3.2. Non-linear interaction in the dark sector
We have already stated multiple times that our current lack of understanding of
the structure of the dark components leaves us with only dimensional limitations on
the choice of the form of interaction between them. Previously, we analysed linear
interactions: the interaction term in the conservation equations of the individual
components is proportional either to DM density, to DE density, or to a linear com-
bination of both densities. However, from a physical point of view, an interaction
between two components should depend on the product of the abundances of the
individual components, as, for instance, in chemical or nuclear reactions. Conse-
quently, a product coupling, i.e., an interaction proportional to the product of DM
density and DE density looks more appealing. An analysis of cosmological models
with specific non-linear interactions was performed in.43, 45–47
Following,48 we investigate, in a flat Universe, the dynamics of a simple two-
component model (de + dm) with a number of non-linear interactions . Motivated
by the structure
ρdm =
r
1+rρ, ρde =
1
1+rρ, r ≡ ρdmρde , ρ = ρdm + ρde , (84)
we consider the ansatz concern to effective pressure (Q = −3HΠ)
Π = −γρmrn (1 + r)s , (85)
where γ is a positive coupling constant . The powers m,n, s specify the interaction.
For fixed values m,n, sthe only free parameter is γ . A linear dependence of Π on
ρ corresponds to m = 1 . The effective interaction pressure Π is proportional to
powers of products of the densities of the components for the special cases m = s.
Notice that, according to Friedmanns equations, (ρ ∝ H2). This implies that the
interaction quantity Q is not necessarily linear in the Hubble rate. For m = s the
ansatz (64) is equivalent to
Q = 3γHρm−nde ρ
n
dm = 3γHρ
m
der
n. (86)
The ansatz (64)also includes the previously analysed linear cases. The combi-
nation (m,n, s) = (1, 1,−1) corresponds to Q = 3γHρdm , while (m,n, s) =
(1, 0,−1)reproduces Q = 3γHρde. We can therefore state that the ansatz (64) con-
tains a large variety of interactions, which have been studied in literature [38-43] as
special cases.
We consider now three particular combinations of the parameters (m,n, s) which
give rise to analytically solvable models with non-linear interaction terms.
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3.2.1. Case Q = 3Hγ ρdmρdxρ , (m,n, s) = (1, 1,−2)
.
For such an interaction, the system (52) is reduced to
ρ′ = −
(
1 + wde1+r
)
ρ,
r′ = r (wde + γ).
(87)
The solutions of this system are
r = r0a
3(wde+γ),
ρ = ρ0a
−3(1+wde)
[
1+r0a
3(wde+γ)
1+r0
] wde
wde+γ ,
ρdm = ρdm0a
−3(1−γ)
[
1+r0a
3(wde+γ)
1+r0
]− γwde+γ ,
ρde = ρde0a
−3(1+w)
[
1+r0a
3(wde+γ)
1+r0
]− γwde+γ .
(88)
An ansatz r = r0a
−ξ for the energy density ratio corresponds to γ = −
(
wde +
ξ
3
)
.
Fora≪ 1 (matter-dominated epoch), we obtain the correct behaviour of the density
- ρ ∝ a−3 . The SCM model is recovered for wde = −1, γ = 0 (ξ = 3) .
3.2.2. Case Q = 3Hγ
ρ2dm
ρ , (m,n, s) = (1, 2,−2)
The analytical solution in this case is
r = r0
wde
(wde+γr0)a−3wde−γr0 ,
ρ = ρ0a
−3
(
1− γwdewde−γ
) [
(wde+γr0)a
−3wde+r0(wde−γ)
wde(1+r0)
] . (89)
For a ≪ 1 (the high redshift limit) the ratio r becomes a constant,r → |w| /γ . In
the opposite limit (a≫ 1), r ∝ a−3, as in the SCM case.
3.2.3. Case Q = 3Hγ
ρ2de
ρ , (m,n, s) = (1, 0,−2)
For wde < 0, i.e. wde = − |wde|, the solutions are
r =
(
r0 − γ|wde|
)
a−3|wde| + γ|wde| ,
ρ = ρ0a
−3
(
1− w
2
de
|wde|+γ
) [
|wde|+γ+(|wde|r0−γ)a−3|wde|
|wde|(1+r0)
] |wde|
|wde|+γ . (90)
The ratio r scales as a−3|wde| for a ≪ 1 . For wde = −1, this coincides with the
scaling of its SCM counterpart. In the opposite limit, a ≫ 1 (far future), the ρ-
solution corresponds to a matter dominated period, ρ ∝ a−3
(
1− w
2
de
|wde|+γ
)
, which
generally does not correspond to a de Sitter phase.
In conclusion of this section, lets try to solve the opposite problem. Instead of
postulating the form of the interaction, lets fixate the ratio
r =
ρdm
ρde
= f(a). (91)
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where f(a) is any differentiable function of the scale factor. We then have
ρ˙dm = ρ˙def + ρdef
′ a˙;
ρ˙de =
ρ˙dm
f − ρdmf
′a˙
f2 , f
′ = dfda
(92)
From this, we find that
Q =
f
1 + f
(
f ′
f
a− 3wde
)
Hρde. (93)
To see that the interaction is non-linear in nature, note that f/ (1 + f) = Ωdm
.Therefore,
Q =
(
f ′
f
a− 3wde
)
HρdeΩdm. (94)
We note that if f = aξ , then
Q = (ξ − 3wde)HρdeΩdm. (95)
For SCM, ξ = 3, wde = −1, and we return to the obvious result - Q = 0 .
3.3. Cosmological models with a change of the direction of energy
transfer
In this section, we consider one more type of interaction, a Q,56 whose sign (i.e.,
the direction of energy transfer) changes when the mode of decelerated expansion
is replaced by the mode of accelerated expansion, and vice versa. Recently, publica-
tions have appeared,57, 58 in which attempts, based on observational data, are made
to determine not only the possibility itself of interaction existing in the dark sector,
but also its concrete form and sign. In this analysis, the whole set of redshifts z is
divided into intervals, in each of which the function δ(z) = Q/ (3H) is considered to
be constant. This analysis has shown that δ(z) most likely takes a zero value, δ = 0
, in the range of red shifts 0.45 ≤ z ≤ 0.9. It turns out that this remarkable result
gives rise to new problems. Indeed, when an interaction is considered in literature
for a given model, the interaction is almost always either positive or negative, i.e. it
cannot change sign. A change of sign is only possible in the case Q ∝ γ(t)ρ, where
γ(t) can change the sign of Q , or in the case Q = 3H (αρdm + βρde) , where α and
β have different signs.
As noted in Ref.,57 the solution to this problem requires the introduction of a
new type of interaction, capable of changing its sign during the evolution of the
Universe. In Ref.,56 one such type of interaction Q was proposed, and its cosmo-
logical consequences were examined. It was noted that the range of redshifts within
which the function †δ(z) must change sign includes the moment at which expansion
of the Universe stopped decelerating and started accelerating .
Therefore, the simplest type of interaction that can explain the above mentioned
property is the case when the source Q is proportional to the deceleration parameter
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q :
Q = q(αρ˙+ 3βHρ) (96)
where α and β are dimensionless constants, and the sign of Q will change with
the transition of Universe from the decelerated expansion stage (q > 0) to the
accelerated stage (q < 0). The authors also consider the cases
Q = q(αρ˙m + 3βHρm), (97)
Q = q(αρ˙tot + 3βHρtot), (98)
Q = q(αρ˙DE + 3βHρDE ). (99)
The paper122 considers a model of the Universe with a decaying cosmological con-
stant
ρ˙Λ = −Q .
The Friedmann and Raychaudhuri equations thus take the form
H2 =
κ2
3
ρtot =
κ2
3
(ρΛ + ρm) , (100)
H˙ = −κ
2
2
(ρtot + ptot) = −κ
2
2
ρm, (101)
where κ2 ≡ 8πG. Following the paper,122 in the succeeding subsections we consider
cosmological models with interaction of the type (97)-(99).
3.3.1. Case Q = q(αρ˙m + 3βHρm)
To start off, we consider the case when the interaction takes the form (97) and insert
this expression into the conservation equation (42), resulting in the following
ρ˙m =
βq − 1
1− αq · 3Hρm . (102)
Substituting the obtained expression into the equation (97), we finally get
Q =
β − α
1− αq · 3qHρm. (103)
From the equation (101), one obtains
ρm = − 2
κ2
H˙. (104)
Inserting it into the equation (102), one finds that
H¨ =
βq − 1
1− αq · 3HH˙ , (105)
Thus we obtained a second order differential equation for the function H(t). Trans-
forming from the time derivative to differentiation with respect to the scale factor
(denoted by the prime ′), the equation (105) takes on the form
aH ′′ +
a
H
H ′ 2 +H ′ =
βq − 1
1− αq · 3H
′ . (106)
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This expression represents a second order differential expression for the function
H(a). Note that the deceleration parameter
q = −1− H˙
H2
= −1− a
H
H ′ ,
is also a function of H and H ′, except in the case of α 6= 0, the equation has no
exact solution and it represents a transcendental differential equation of the second
order. That is why we consider solely the case of α = 0. Thus, the interaction (97)
takes the form
Q = 3βqHρm.
With α = 0, the solution (106) can be presented in the form
H(a) = C12
[
3C11(1 + β)− (2 + 3β) a−3(1+β)
]1/(2+3β)
, (107)
where C11 and C12 are the integration constants determined below. We find the
relative density of dark matter as the following
Ωm ≡ κ
2ρm
3H2
= − 2H˙
3H2
= −2aH
′
3H
. (108)
Inserting the equation (107) into (108), one gets
Ωm =
2 (1 + β)
2 + 3β − 3C11 (1 + β) a3(1+β) . (109)
With the requirements Ωm(a = 1) = Ωm0 and H(a = 1) = H0, the integration
constants take the form
C11 =
Ωm0(2 + 3β)− 2(1 + β)
3Ωm0(1 + β)
, (110)
C12 = H0 [3C11(1 + β)− (2 + 3β)]−1/(2+3β) . (111)
Substitution of the expressions (110) and (111) into the equation (107) finally
gives the result
E ≡ H
H0
=
{
1− 2 + 3β
2(1 + β)
Ωm0
[
1− (1 + z)3(1+β)
]}1/(2+3β)
. (112)
The model contains two free parameters: Ωm0 and β. We note that if β = 0, the
equation (112) reduces to E(z) =
[
Ωm0(1 + z)
3 + (1− Ωm0)
]1/2
, which is equiva-
lent to the ΛCDM model. Using the relation
q(z) = − (1 + z)
E(z)
d
dz
(
1
E(z)
)
− 1,
one finds the dependency of the deceleration parameter on the redshift in the con-
sidered model
q(z) = −1 + 3
2
Ωm0
(1 + z)3(1+β)
E(2+3β)
. (113)
August 19, 2014 0:27 WSPC/INSTRUCTION FILE IDE˙and˙DM
24 Yu. L. Bolotin, A. Kostenko,O.A. Lemets,D.A.Yerokhin
The effective parameter of the equation of state is known to equal
weff ≡ ptot
ρtot
=
(2q − 1)
3
.
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Fig. 1. Ωm, ΩΛ, q and weff as functions of the redshift z at Ωm0 = 0.2738 and β = −0.010 in
the case Q = 3βqHρm.122
The figure 1 presents the plots for dependency of some cosmological parameters
on the redshift z. The free parameters Ωm0 and β were chosen to provide the
best agreement with observations. One can find that in the considered model, the
transition from decelerated expansion (q > 0) to accelerated expansion (q < 0)
took place at zt = 0.7489, the parameter β is negative and therefore dark matter
decays into dark energy when z > zt, and vice versa at z < zt. The Universe lacks
interaction in the dark sector at zt.
3.3.2. Case Q = q(αρ˙tot + 3βHρtot)
Now we consider the case (98), and proceeding completely analogously to the above
considered case, we obtain
Q =
3qH3
κ2
(
2α
H˙
H2
+ 3β
)
. (114)
Inserting the equations (104) and (114) into (42), and transforming, as before, to
differentiation with respect to the scale factor, we obtain
aH ′′ +
a
H
H ′ 2 + (4 + 3αq)H ′ +
9βqH
2a
= 0 . (115)
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As in the previous case, we have once again obtained a differential equation of the
second order for the function H(a). The exact solution exists only in the case of
α = 0 :
H(a) = C22 · a−3(2−3β+r1)/8 ·
(
a3r1/2 + C21
)1/2
, (116)
where C21, C22 are integration constants and r1 ≡
√
4 + β (4 + 9β). Inserting (116)
into (108), we get
Ωm =
1
4
[
2− 3β +
(
2C21
a3r1/2 + C21
− 1
)
r1
]
. (117)
The integration constants are determined as usual from the condition Ωm(a = 1) =
Ωm0, H(a = 1) = H0 :
C21 = −1 + 2 r1
2− 3β − 4Ωm0 + r1 , C22 = H0 (1 + C21)
−1/2
. (118)
We finally get
E ≡ H
H0
= (1 + z)3(2−3β+r1)/8 ·
[
(1 + z)−3r1/2 + C21
1 + C21
]1/2
. (119)
In the considered model there are also two free parameters Ωm0 and β. Using the
condition 0 ≤ Ωm ≤ 1 with a → 0, from the equation (117) one gets β ≥ 0. The
best agreement of the model under consideration with observational data occurs at
Ωm0 = 0.2701 and β = 0.0. This means that the considered interaction model is in
worse agreement with observations than ΛCDM. A more detailed discussion can be
found in the paper122 by the author of the considered model. The transition from
the decelerated expansion phase (q > 0) to the accelerated phase (q < 0) occurs at
zt = 0.7549.
3.3.3. Case Q = q(αρ˙Λ + 3βHρΛ)
For the conclusion we consider the case (99). Following the same procedure as in
the two preceding cases, one obtains
Q =
3βqHρΛ
1 + αq
. (120)
With the equation (104), one has
ρΛ =
3
κ2
H2 − ρm = 1
κ2
(
3H2 + 2H˙
)
. (121)
Therefore the equation for the Hubble parameter in terms of the scale factor takes
the form:
aH ′′ +
a
H
H ′ 2 +
(
4 +
3βq
1 + αq
)
H ′ +
9βqH
2a(1 + αq)
= 0. (122)
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Fig. 2. Same as on Fig. 1, but for the case of interaction of the form Q = 3βqHρtot under the
condition β ≥ 0.122
The exact solution can be obtained in the case of Q = 3βqHρΛ, namely
H(a) = C32 · a−3(2−5β+r2)/[4(2−3β)] ·
(
a3r2/2 + C31
)1/(2−3β)
, (123)
where C31, C32 are the integration constants, and r2 ≡
√
(2− β)2 = | 2− β | .
Inserting (123) into (108), we get
Ωm =
1
2 (2− 3β)
[
2− 5β +
(
2C31
a3r2/2 + C31
− 1
)
r2
]
. (124)
Assuming that Ωm(a = 1) = Ωm0 and H(a = 1) = H0, we can write
C31 = −1 + 2 r2
2− 5β + r2 + 2Ωm0 (3β − 2) , C32 = H0 (1 + C31)
1/(3β−2)
, (125)
and finally get
E ≡ H
H0
= (1 + z)3(2−5β+r2)/[4(2−3β)] ·
[
(1 + z)−3r2/2 + C31
1 + C31
]1/(2−3β)
. (126)
As before, the model has two free parameters : Ωm0 and β. The maximum plau-
sibility method for the free parameters of the considered model gives the result122
Ωm0 = 0.2717, β = 0.0136. Unlike the two preceding models, the observational data
analyzed in122 give evidence in favor of β > 0. A more detailed discussion can be
found in the paper122 by the author of the model.
The plot 17 displays the dependencies of the deceleration parameter and the effective
equation of state parameter weff ≡ ptot/ρtot = (2q−1)/3 as functions of the redshift
z, with the parameters obtained by the maximum plausibility method. It is easy
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Fig. 3. Same as on Fig. 1, but for the case of Q = 3βqHρΛ.
122
to show that the transition from the decelerated expansion phase (q > 0) to the
accelerated phase (q < 0) takes place at zt = 0.7398. As the parameter β obtained
from observations satisfies β > 0, the dark energy decays into dark matter (Q > 0)
for z > zt, and vice versa (Q < 0) for z < zt.
3.4. Degeneration problem
What are the root causes of degeneration? If space is uniform and isotropic, its
metric is defined by one function - the scale factor a(t) . There are two independent
functions in the energy-momentum tensor, ρ(t) and p(t) . The Friedmann equations
can only obtain the behaviour of one of them, usually taken to be ρ(t), while the
pressure is defined with the help of the equation of state p(t) = w(t)ρ(t) so that w(t)
is a function of time. Photons and baryonic matter are detected through their non-
gravitational interactions, and their contribution to the energy-momentum tensor
can be measured directly. However, if dark components are only detected gravita-
tionally, we can only measure the total energy-momentum tensor T(de)µν+T(dm)µν .
Hence there is a degeneracy between the dark energy equation of state w(t) and
the dark matter density parameter Ωdm . Without additional assumptions, we can-
not measure either of them. Any further freedom, like sub-dividing the dark EMT
into dark matter and dark energy, or introducing couplings between the dark con-
stituents, cannot be directly measured and will introduce degeneracy.59 As an ex-
ample, let’s look at a flat Universe composed of matter and dark energy with an
unknown w(z) and a given H(z) . In this case
w(z) =
H(z)2 − 23H(z)H ′(z)(1 + z)
H20Ωm(1 + z)
3 −H2(z) , H
′(z) =
dH
dz
. (127)
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We see that for any choice of Ωm, there is a corresponding w(z) which reproduces
the measured expansion history of the Universe H(z) .
Let’s now look at the degeneration problem in models where the dark energy
and the dark matter interact. The total energy momentum tensor for the dark
components has to be conserved. As long as
(
T(dm)µη + T(de)µη
)
;µ
= 0 holds true,
we can either keep it as a single unified dark fluid model, we can divide it into a
coupled dark matter – dark energy system, or we can also divide it into uncoupled
dark matter and dark energy.
Let’s analyse the simplest form of interaction between the dark components
ρ˙dm + 3Hρdm = Q(t),
ρ˙de + 3H (1 + w) ρde = −Q(t),
Q(t) = γHρdm, γ = const
. (128)
The equations (128) are easily solved:
ρdm = ρdm0(1 + z)
3−γ ,
ρde =
(
ρde0 + ρdm0
γ
γ+3w
)
(1 + z)3(1+w) ,
H2 = H20
[
Ωdm0
(
1− γγ+3w
)
(1 + z)
3−γ
+
(
1− 3Ωdm0wγ+3w
)
(1 + z)
3(1+w)
] . (129)
Using H(z) we can then derive a family of uncoupled models, using Eq. (70), as
well as families of models with other interactions.
3.5. Duality invariance and dynamics of interacting components
Regardless of the fact than an equation’s symmetry does not always carry over
into its solutions, it nevertheless significantly simplifies the process of finding these
solutions, and also has an impact on their structure. Often, only symmetry-based
ideas allow us to decrease the number of dynamical variables and to reach an under-
standing of complicated solutions. A classic example is the well known cosmological
principle, which allows us to simplify the complicated, non-linear Einstein field equa-
tions to the relatively simple Friedmann equations. It is of great importance that
symmetry can correlate solutions that correspond to different stages of evolution of
the dynamical system.
The Hubble parameter is present in the first first Friedmann equation quadrat-
ically. This gives rise to a useful symmetry within a class of FLRW models.84 Be-
cause of this quadratic dependence, Friedmann’s equation remains invariant under
a transformation H → −H for the spatially flat case. This means it describes both
expanding and contracting solutions. The transformation H → −H can be seen as
a consequence of the change a→ 1/a of the scale factor of the FLRW metric.
If, instead of just the first Friedmann equation, we want to make the whole
system of Universe-describing equations invariant relative to this transformation,
we must expand the set of values that undergo symmetry transformations. Then,
when we refer to a duality transformation, we have in mind the following set of
transformations
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H → H¯ = −H, ρ→ ρ¯ = ρ, p→ p¯ = −2ρ− p. (130)
As a result of this transformation, the conservation equation ρ˙ + 3H (ρ+ p) = 0
remains invariant due to ρ + p → − (ρ+ p) . Consequently, if the weak energy
condition is satisfied in a given cosmological model, i.e. ρ + p ≥ 0, ρ ≥ 0 , it
is violated in its “dual”, and vice versa. The transformation law H → H¯ = −H
implies the transformation rule a → a¯ = 1/a for the scale factor. Accordingly, if a
certain configuration (say, the unbarred one) describes a phase of contraction, the
barred one describes a phase of expansion. These cosmological solutions are said to
be “dual” to each other. In particular, there is a duality between a final contracting
big crunch and a final expanding big rip. In general, the barotropic indices γ ≡ w+1
will change as a result of a duality transformation according to
γ =
ρ+ p
ρ
→ γ¯ = ρ¯+ p¯
ρ¯
= −γ¯. (131)
The only invariant case is p = −ρ. This is related to the fact that the de Sitter
Universe is free of singularities.
Let’s now extend the technique of dual symmetry transformations that preserve
the form of Einstein’s equations to the case where the expansion of the Universe
is dominated by two fluids (dark matter and dark energy) that interact with each
other.85 Following this article, let us consider a homogeneous, isotropic and spatially
flat Universe filled with two fluids with the energy densities and pressures ρi and
pi (with i = 1, 2 ) respectively. Then, the Friedmann equation and the conservation
equation are
3H2 = ρ1 + ρ2,
ρ˙1 + ρ˙2 + 3H (ρ1 + ρ2 + p1 + p2) = 0
. (132)
In this general scenario there is a dual symmetry relating this cosmology to another
one (with two fluids of energy densities and pressures, ρ¯iand p¯i), generated by
ρ¯1 = αρ1 + (1− β) ρ2,
ρ¯2 = (1− α) ρ1 + βρ2,
H¯ = −H
. (133)
where the parameters of the transformation are
α =
γ¯2 + γ1
γ¯1 + γ¯2
, β = −γ2 + γ¯1
γ¯1 + γ¯2
. (134)
and solely depend on the barotropic indexes of the fluids. As usual, these indexes
are given by γi = 1 +
pi
ρi
, and by analogous expressions for the γ¯i of the other
cosmology. We define the overall barotropic index γ = (γ1ρ1 + γ2ρ2) / (ρ1 + ρ2)
for the unbarred cosmology. An entirely analogously expression exists for γ¯ in the
other cosmology. Obviously the duality transformation connects these two indexes
by γ¯ = −γ . This means that ρ1 + ρ2 + p1 + p2 → − (ρ1 + ρ2 + p1 + p2). Put
another way, if the dominant energy condition (ρ ≥ 0, −ρ ≤ p ≤ ρ) is fulfilled in
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one cosmology, then it is violated in the other. The transformation law H → −H ,
as in the one-component case, implies a¯ = 1/a. Accordingly, if one cosmology (say,
the unbarred one) describes a phase of contraction, the barred one describes a phase
of expansion, i.e., both cosmologies are dual to each other.
As we saw, (see (48), in the case that is of interest to us, the system (132)
transforms into
3H2 = ρ1 + ρ2,
ρ˙1 + 3Hγ1ρ1 = −3HΠ,
ρ˙2 + 3Hγ2ρ2 = 3HΠ
. (135)
Automatically, the above dual symmetry gets restricted to the following transfor-
mation: ρi → ρi, H → −H, γi → −γi, Π → −Π, with the overall barotropic
index transforming as γ → −γ. Therefore, there is a duality between the two cos-
mologies, driven by two interacting fluids through the set of equations (132), that
have the sign of the individual barotropic indexes reversed. As a consequence, su-
peraccelerated expansion (for example, phantom) can be obtained from decelerated
ones an viceversa without affecting the field equations also in the case of interacting
DM and DE.
4. Peculiarities of dynamics of scalar fields coupled to dark matter
4.1. Interacting quintessence model
A vast number of cosmological observations have shown that the EoS (equation of
state) parameterw of dark energy lies in a small interval near wde = −1. The interval
−1 ≤ wde < −1/3 can be realized with the help of scalar fields with canonical
Lagrangians. . The lower border, wde = −1, corresponds to the cosmological
constant, while the upper border, wde = −1/3, is tied to the accelerated expansion
of the Universe. These scalar fields are called quintessence. The quintessence EoS
parameter is
w =
p
ρ
=
1
2 ϕ˙
2 − V (ϕ)
1
2 ϕ˙
2 + V (ϕ)
. (136)
We see that w can take any value between −1 (if ϕ˙2 ≪ V (ϕ) quintessence behaves as
a cosmological constant w ≈ −1 (slow-rolling regime)) and w ≈ +1 (if ϕ˙2 ≫ V (ϕ)
(fast evolution regime)).
Given that the quintessence field and the dark matter have unknown physical
natures, there seem to be no a priori reasons to exclude a coupling between the two
components.
Let us consider a two-component system with the energy density and pressure
ρ = ρs + ρdm, p = ps + pdm. (137)
The subscript s refers to the scalar field component. If some interaction exists
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between the scalar field and the dark matter component,
ρ˙dm + 3H (ρdm + pdm) = Q,
ρ˙s + 3H (ρs + ps) = −Q . (138)
Using the effective pressures Πs and Πdm
Q ≡ −3HΠdm = 3HΠs. (139)
we can rewrite (138) in the form
ρ˙dm + 3H (ρdm + pdm +Πdm) = 0,
ρ˙s + 3H (ρs + ps +Πs) = 0
. (140)
Consider now the time evolution of the very important (in terms of describing the
dynamics of the Universe) ratio r = ρdm/ρs . This evolution is described by the
equation
r˙ = r
(
ρ˙dm
ρdm
− ρ˙s
ρs
)
. (141)
Moving to the barotropic index γi = wi + 1 (i = s, dm), we obtain
r˙ = −3Hr
[
γdm − γs + 1 + r
r
Πdm
]
. (142)
The existence of a stationary solution r˙ = 0 is guaranteed by the condition
Πdm = (γs − γdm) r
1 + r
. (143)
For cold dark matter, γdm ≈ 1, and for dark energy as quintessence, γs = ϕ˙
2
ρs
. The
oupling term Q in this case is
Q = −3H (γs − 1) r
1 + r
ρs. (144)
In a spatially flat Universe H2 = 13ρ, and consequently
Q = −
√
3 (γs − 1) ρsρdm√
ρs + ρdm
. (145)
This important result shows that we can introduce an interaction between the cold
dark matter and the scalar field (quintessence) that guarantees a constant ratio r of
the energy densities of the two components. As we will see shortly, this possibility
makes the coincidence problem much easier to solve.
4.2. Interacting phantom
What values of the parameter w can we use? This is a difficult question to answer
when dealing with a component of energy about which we know so little. In General
Relativity, it is customary to limit the possible values of the components of the
energy-momentum tensor with so-called ”energy conditions”. One of the simplest
of these conditions is the so-called NDEC (Null Dominant Energy Condition) ρ +
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p ≥ 0. The physical motivation behind this condition is the prevention of vacuum
instability. When applied to the dynamics of the Universe, NDEC demands that
the density of any allowable component of energy not rise as the Universe expands.
As stated previously, our lack of understanding regarding the dark components
prevents us from completely discarding dark energy possibilities that violate NDEC
(as well as other energy conditions) - the dark energies for which wde < −1. These
types of components are collectively called phantom energy.
The action of a phatom field ϕ, minimally coupled to gravity, differs from the
canonical action of a scalar field in the sign of the kinetic term. In this case, the
density of energy and pressure of the phantom field are defined through ρϕ = T00 =
− 12 ϕ˙2 + V (ϕ) ; pϕ = Tii = − 12 ϕ˙2 − V (ϕ), while the EoS parameter is
wϕ =
pϕ
ρϕ
=
ϕ˙2 + 2V (ϕ)
ϕ˙2 − 2V (ϕ) . (146)
Let’s say that the Universe contains only non-relativistic matter (wm = 0) and
a phantom field (wϕ < −1). The densities of these components evolve separately:
ρm ∝ a−3 and ρϕ ∝ a−3(1+wϕ). If matter domination ends at tm, the solution for
the scale factor at t > tm is
a(t) = a(tm)
[
−wϕ + (1 + wϕ)
(
t
tm
)] 2
3(1+wϕ)
. (147)
From here, it immediately follows that for wϕ < −1 at the moment of time tBR =
wϕ
(1+wϕ)
tm, the scale factor, as well as a series of other cosmological characteristics of
the Universe (like scalar curvature, density of energy of the phantom field) become
infinite. This catastrophe has earned the name ”Big Rip”.
One of the way to avoid the unwanted big rip singularity is to allow for a suitable
interaction between the phantom energy and the background dark matter. Through
a special choice of interaction, one can mitigate the rise of the phantom component
and make it so that components decrease with time if there is a transfer of energy
from the phantom field to the dark matter.
Let us consider44 the simplest possible interaction between the cold dark matter
and the dark energy
ρ˙dm + 3Hρdm = δHρdm,
ρ˙de + 3H(1 + wde)ρde = −δHρdm . (148)
where δ is a dimensionless coupling function. If δ depends on the scale factor only,
ρdm = ρdm0a
−3e
∫
δ(a)d log a. (149)
We once again make the assumption that
r ≡ ρdm
ρde
=
ρdm0
ρde0
a−ξ = A−1a−ξ, A ≡ ρde0
ρdm0
=
Ωde0
Ωdm0
. (150)
Let us consider the case with a constant parameter wde . From (150) we have
ρde =
Aaξ
1 +Aaξ
ρtot, ρdm =
1
1 +Aaξ
ρtot. (151)
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Then, the total energy density satisfies
dρtot
da
+
3
a
1 + (1 + wde)Aa
ξ
1 +Aaξ
ρtot = 0. (152)
Integrating (152), we obtain
ρtot = ρtot0a
−3 [1− Ωde0 (1− aξ)]−3wde/ξ , ρtot0 = ρde0 + ρdm0. (153)
Consequently, the first Friedmann equation can be written as
H2 = H20a
−3 [1− Ωde0 (1− aξ)]−3wde/ξ . (154)
Using (148), one can get the coupling function
δ = 3 +
1
H
ρ˙dm
ρdm
= − (ξ + 3wde)Aa
ξ
1 +Aaξ
= − (ξ + 3wde) ρde
ρtot
. (155)
This relation can be expressed as
δ =
δ0
Ωde0 + (1− Ωde0) a−ξ , δ0 ≡ −Ωde0 (ξ + 3wde) . (156)
Let’s analyse this expression. The asymptotic of the interaction δ is a constant,
δ(a → ∞) = δ0/Ωde0. Therefore, if the dynamics of the expansion are such that
ξ > −3wde , then δ < 0, which implies that the energy flow is from the dark matter
to the dark energy. On the contrary, when 0 < ξ < 3wde , the energy flow is from the
phantom dark energy to the dark matter. Furthermore, we can see from (146) that
there is no coupling between the dark energy and the dark matter at ξ = −3wde
.Specifically, there is no coupling in SCM, for which ξ = 3, wde = −1 . In addition,
we can see from (151) that in this model, the Universe is dominated by dark matter
at early times, and dominated by phantom dark energy at later times.
Let’s now look at how coupling between the phantom dark energy and dark
matter acts on the time of transition from a decelerated phase to an accelerated
one. To do this, let’s analyse the deceleration parameter
q = − a¨
aH2
= −1 + H˙
H2
= −1 + 3
2
1− Ωde0 + (1 + wde)Ωde0aξ
1− Ωde0 (1− aξ) . (157)
Note that q (a→ 1) and q (a→∞) are negative, as is expected from the era of
domination of dark energy.
4.3. Tachyonic interacting scalar field
We consider a flat Friedmann Universe filled with a spatially homogeneous tachyon
field T evolving according to the Lagrangian
L = −V (T )
√
1− g00T˙ 2 (158)
The energy density and the pressure of this field are, respectively
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ρT =
V (T )√
1− T˙ 2
(159)
and
pT = −V (T )
√
1− T˙ 2, (160)
The equation of motion for the tachyon is
T¨
1− T˙ 2 + 3HT˙ +
1
V (T )
dV
dT
= 0. (161)
Using the approach described in sectionv4.1, let’s build the interaction Q between
the tachyon field and the cold dark matter, which fulfils the condition r˙ = 0, r ≡
ρdm/ρT .
18 The equation (161) can be written as
ρ˙T = −3HT˙ 2ρT (162)
Acting as one did during the derivation of (145), one obtains that the condition
r˙ = 0 is realized for the interaction
Q = 3H
r
(r + 1)
2
(
1− T˙ 2
)
(ρT + ρdm) (163)
Since T˙ 2 < 1, we have Q > 0. Therefore, the stationary solution (r˙ = 0) exists
only when the energy of the tachyon field is transferred to the dark matter. A
stability analysis of the stationary solution, analogous to that in,20 reveals that
when Q/3H ∝ ρ in the vicinity of the stationary solution, the r is stable for any
r < 1 .
4.4. Interacting Chaplygin gas
One of the most popular models of dark energy is the Chaplygin gas. This model
unifies dark matter and dark energy under the same equation of state, given by
p = −A
ρ
, (164)
where A is a positive constant. This equation of state leads to the following form of
dependency of the density on the scale factor:
ρ =
√
A+
B
a6
, (165)
where B is an arbitrary integration constant. Thus, for small values of the scale
factor a , ρ ∝ a−3, p ∝ a3 , which implies a dust-like matter. For large values of a
, ρ ∼ √A, p ∼ −√A , which implies cosmological constant behavior.
Let us find a homogeneous scalar field ϕ(t) and a self-interacting potential V (ϕ)
corresponding to the Chaplygin gas. Consider now the Lagrangian of the scalar field
L =
1
2
ϕ˙2 − V (ϕ) , (166)
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The energy density ρϕ and the pressure pϕ for the scalar field are
ρϕ =
1
2 ϕ˙
2 + V (ϕ) = ρ =
√
A+ Ba6 ,
pϕ =
1
2 ϕ˙
2 − V (ϕ) = −Aρ = − A√A+ B
a6
, (167)
For a flat Universe
ϕ˙2 =
B
a6
√
A+ Ba6
, V (ϕ) =
1
2
√
A
(
cosh 3ϕ+
1
cosh 3ϕ
)
, (168)
The Chaplygin gas model has underwent multiple generalizations, which allow us to
expand this models ability to explain and correspond to observations. The simplest
of these generalizations is the so-called generalized Chaplygin gas (GCG), whose
equation of state has the form
p = − A
ρα
, (169)
The evolution of the scale factor in this model is given by
ρ =
[
A+
B
a3(1+α)
] 1
1+α
. (170)
Of couse, when α = 1 we recover the original Chaplygin gas model.
A more radical generalization of this model is the so-called new generalized
Chaplygin gas (NGCG) model.19 The equation of state in this case is
p =
A (a)
ρα
, (171)
where α is a real number and A (a) is a function that depends on the scale factor
of the Universe, a . It can be expected that the NGCG fluid smoothly interpolates
between a dust dominated phase ρ ∝ a−3 and a dark energy dominated phase
ρ ∝ a−3(1+wde), where wde is a constant, and should be taken in such a way so as
to provide for the accelerated expansion of the Universe - wde < −1/3 . Therefore,
it is natural to assume that the energy density of the NGCG should be expressed
as the superposition
ρ =
[
Aa−3(1+wde)(1+α) +Ba−3(1+α)
] 1
1+α
(172)
where A and B are positive constants. The derivation of Eq. (172) should be the
consequence of substituting the equation of state (171) into the energy conservation
equation of the NGCG for a homogeneous and isotropic spacetime. This requires
the function A(a) to be of the form
A(a) = −wdeAa−3(1+wde)(1+α). (173)
We can return to the simpler Chaplygin gas models by choosing the parameters in
a special way - α = 1 and wde = −1.
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Let’s show that the NGCG includes interaction in the dark sector. To do this,
let’s perform the following operation:
ρ = ρde + ρdm. (174)
Since the pressure of the NGCG fluid is provided only by the dark energy compo-
nent,
ρde =
p
wde
=
Aa−3(1+wde)(1+α)[
Aa−3(1+wde)(1+α) +Ba−3(1+α)
] α
1+α
, (175)
and energy density of the dark matter is
ρdm =
Ba−3(1+α)[
Aa−3(1+wde)(1+α) +Ba−3(1+α)
] α
1+α
(176)
from these expressions one obtains the scaling behavior of the ratio of energy den-
sities
ρdm
ρde
=
B
A
a3wde(1+α). (177)
We see explicitly from this that there must exist an energy flow between the dark
matter and the dark energy, provided that α 6= 0 . When α > 0 , the transfer
direction of the energy flow is from the dark matter to the dark energy; when α < 0
, the reverse happens. Therefore, it is clear that the parameter α characterizes the
interaction between dark energy and dark matter.
Of course, we can demonstrate the presence of interaction between the dark
components in the NGCG model with the help of the traditional phenomenological
approach - the “conservation equations” with sources (168). The indicator of inter-
action is the difference between the effective EoS parameters weff,de(dm) (173) and
their initial values wde(dm). In the analysed case,
weff,de = wde − αwde(1−Ω0de)a
3wde(1+α)
Ω0de+(1−Ω0de)a3wde(1+α) ,
weff,dm =
αwdeΩ0de
Ω0de+(1−Ω0de)a3wde(1+α)
. (178)
which clearly shows that interaction is present.
4.5. w = −1 crossing and interacting models
In the quintessence model of dark energy, −1 < w < −1/3 . In the phantom model
with negative kinetic energy, w < −1 . Recent cosmological data seems to indicate
that the phantom divide line was crossed in the in the near past. This means that
the equation of state parameter wde crossed the phantom divide line wde = −1 .
This crossing to the phantom region is possible neither for an ordinary minimally
coupled scalar field nor for a phantom field. Why is this problem - the problem of
crossing the phantom divide - so important86? If w < −1, the energy density of
phantom matter generally becomes infinite in a finite period of time and, hence,
leads to the late-time singularity known as the ”Big Rip”. To avoid this singularity,
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one assumes that the Universe can ”bounce” instead of collapsing to the singularity.
Only the transition fromw ≥ −1 to w ≤ −1 just before the bounce could explain
the nonsingular bouncing, without resorting to a fine-tuning of the initial energy
densities of any energy form in the Universe.
There are at least three ways to solve this problem. If dark energy behaves as
quintessence at the early stage, and evolves as phantom at the later stage, a natural
suggestion would be to consider a 2-field model (quintom model): a quintessence
and a phantom.88 The next possibility would be that General Relativity fails at
cosmological scales. In this case, quintessence or phantom energy can cross the
phantom divide line in a modified gravity theory.89
In addition to these possibilities, the w = −1 crossing problem can be solved
by applying the model of interacting dark components.89, 90
We assume the most simple case - Q = δHρdm - and rewrite the expression (66)
in terms of the redshift instead of the scale factor. Then,
ρde(z) = ρde,0(1 + z)
3(1+wde) +
δρdm,0
δ + 3wde
[
(1 + z)
3(1+wde) − (1 + z)3−δ
]
. (179)
Introducing the effective EoS parameter for the dark energy (173), we find that
weff,de =
peff,de
ρde
=
pde +Q/3H
ρde
= −1 + ∆, ∆ ≡ 1
3
d ln ρde
d ln (1 + z)
. (180)
The relation (180) includes the entire spectrum of scalar fields. Clearly, if ∆ > 0
, dark energy evolves as quintessence; if ∆ < 0 , it evolves as phantom, if ∆ = 0
, it is just a cosmological constant. From this it follows that if ρde decreases and
then increases with respect to redshift (or time), or increases and then decreases,
the effective EoS parameter of dark energy crosses phantom divide. Using (179), we
obtain
dρde(z)
dz
= 3 (1 + wde) ρde,0(1+z)
2+3wde+
δρdm,0
δ + 3wde
[
3 (1 + wde) (1 + z)
2+3wde − (3− δ) (1 + z)2−δ
]
.
(181)
If dρde/d (1 + z) = 0 at some redshift , the effective parameter weff,de crosses the
phantom divide. Analysis of (181) shows90 that observations leave enough space for
the parameters (δ, wde) to fulfil the condition
dρde(z)
dz = 0.
5. Structure of phase space of models with interaction
The evolution of a Universe filled with interacting components can be effectively
analysed in terms of dynamical systems theory. Let us consider the following coupled
differential equations for two variables
x˙ = f(x, y, t)
y˙ = g(x, y, t)
. (182)
We will be interested in so-called autonomous systems, for which the functions f
and g do not contain explicit time-dependent terms.
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A point (xc, yc) is said to be a fixed (a.k.a. critical) point of the autonomous
system if
f (xc, yc) = g (xc, yc) = 0. (183)
A critical point (xc, yc) is called an attractor when it satisfies the condition
(x(t), y(t))→ (xc, yc) for t→∞. (184)
Lets look at the behavior of the dynamical system (182) around the critical point.
For this purpose, let us consider small perturbations around the critical point
x = xc + δx, y = yc + δy. (185)
Substituting into Eqs. (182) leads to the first-order differential equations:
d
dN
(
δx
δy
)
= Mˆ
(
δx
δy
)
. (186)
Taking into account the specifics of the problem that we are solving, we made the
change ddt → ddN , where N = ln a . The matrix Mˆ is given by
Mˆ =
(
∂f
∂x
∂f
∂y
∂g
∂x
∂g
∂y
)
. (187)
The general solution for the linear perturbations
δx = C1e
λ1N + C2e
λ2N ,
δy = C3e
λ1N + C4e
λ2N
. (188)
The stability around the fixed points depends on the nature of the eigenvalues.
We will look at71 the interacting dark components as a dynamical system de-
scribed by the equations
ρ′de + 3(1 + wde)ρde = −Q,
ρ′dm + 3(1 + wdm)ρdm = Q
. (189)
Here, a prime denotes the derivative with respect to the e-folding time N = ln a .
Note that although the interaction can significantly change the cosmological evolu-
tion, the system is still autonomous. We consider the following specific interaction
forms, which were already analysed before:
Q1 = 3γmρdm, Q2 = 3γdρde, Q3 = 3γtotρtot. (190)
Let’s write the effective EoS parameters for both dark energy and dark matter:
Q = Q1, weff,de = wde (Ωde) + γm
1− Ωde
Ωde
, weff,dm = wdm − γm. (191)
Q = Q2, weff,de = wde (Ωde) + γd, weff,dm = wdm − γd Ωde
1− Ωde . (192)
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Q = Q3, weff,de = wde (Ωde) + γm
1
Ωde
, weff,dm = wdm − γtot
1− Ωde . (193)
The syste (189) can be turned into a system of equations for fractional energy
densities
Ω′dm = 3fjΩdmΩde,
Ω′de = −3fjΩdmΩde , (194)
where j = 0, 1, 2, 3. Here, j = 0 corresponds to the non-interacting case f0 =
wde − wdm
For j = 1, 2, 3 (Q1, Q2, Q3) :
fj = weff,de j − weff,dm j
f1 = f0 +
γm
Ωde
,
f2 = f0 +
γd
1−Ωde ,
f3 = f0 +
γtot
Ωde(1−Ωde)
. (195)
Let us now obtain the critical points of the autonomous system (193) by imposing
the conditions Ω′dm = Ω
′
de = 0 and Ωdm+Ωde = 1. Critical points can be broken up
into the following categories. The critical point M is the matter dominated phase
with Ωdm = 1, and the critical point E is the dark energy dominated phase with
Ωde = 1. If fj ∝ 1/Ωdm or fj ∝ 1/Ωde, these two fixed points may not exist. Besides
the above two fixed points, there are other solutions with fj = 0 . Note that an
attractor is one of the stable critical points of the autonomous system.
If we analyse the linear perturbations about the critical point
(
Ω¯de, Ω¯de
)
of the
dynamical system Eqs. (194) and linearize them, we get
Mˆ =
(
3f
(
Ω¯de
)
Ω¯de 3
(
f
(
Ω¯de
)
Ω¯dm + f
′Ω¯dmΩ¯de
)
−3f (Ω¯de) Ω¯de −3 (f (Ω¯de) Ω¯dm + f ′Ω¯dmΩ¯de)
)
. (196)
Here, f ′ ≡ df/dΩde . The two eigenvalues of the matrix Mˆ that determine the
stability of the corresponding critical point are
λ1 = 0,
λ2 = 3f (2Ωde − 1)− 3f ′Ωde (1− Ωde) . (197)
When λ2 is positive, the corresponding critical point is an unstable node. ”Unstable”
means that the present phase will evolve, eventually, into other phases. When λ2 is
negative, the corresponding critical point is a stable node and the phase will last
long.
Lets analyse the structure of phase space with non-linear interactions of the type
(85). For the system of equations (52), the eigenvalues of the matrixMˆ are roots of
the equation
λ2 +
[
2 + wde − wde (1 + wde) ∂rΠΠ
]
λ+ (1 + wde + wde∂ρΠ) = 0,
∂rΠ ≡ ∂Π∂r , ∂ρΠ ≡ ∂Π∂ρ
. (198)
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The Eq.(198) has the solutions
λ± =
1
2
{[
wde (1 + wde)
∂rΠ
Π − (2 + wde)
]
±
√(
2 + wde − wde (1 + wde) ∂rΠΠ
)2 − 4 (1 + wde + wde∂ρΠ)
}
(199)
where we have to require 1 + wde + wde∂ρΠ 6= 0. In case these solutions are non-
degenerate and real, they describe a stable critical point for λ± < 0, an unstable
critical point forλ± > 0 and a saddle if λ+ and λ− have different signs. For complex
eigenvalues λ± = α ± iβ, it is the sign of α that determines the character of the
stationary point. For α = 0 the critical point is a center, for α < 0 it is a stable
focus, and for α > 0 it is an unstable focus.
6. Examples of realization of interaction in the dark sector
6.1. Λ(t) - the simplest possibility of interaction of the dark
components
Possibly the simplest explanation of the observed accelerated expansion of the Uni-
verse is dark energy (DE) in the form of a cosmological constant Λ , which modifies
the Einstein equations
Gµν = 8πGT µν → Gµν = 8πGT µν + Λgµν (200)
it is well known that flat models with a very small cosmological term are in good
agreement with almost all sets of cosmological observations. From the theoretical
viewpoint, however, at least two problems arise: the so-called cosmological constant
problem and the so-called coincidence problem. Attempts to resolve these prob-
lems on a phenomenological level are mainly tied to the introduction of interaction
between the dark components. In cosmological models with interaction, Λ is neces-
sarily a time-dependent quantity: the vacuum energy density is a time-dependent
quantity because of its coupling with the other matter fields, the characteristics of
which depend on time.
Historically, the possibility of a time varying Λ(t) was first advanced by Bron-
stein.72 A summary of the evolving ideas and their state at the start of the century
can can be seen in the review papers by Peebles and Ratra,73 Lima74 and J. M.
Overduin and F. I. Cooperstock.75 An overview of the current state of the Λ(t)
problem can be found in.76
From Eq. (200) the Bianchi identities imply that the coupling between a Λ(t)
term and dark matter particles must be of the type
uµT
µν
dm;ν = −uµ
(
Λ
8πG
gµν
)
;ν
, (201)
or, equivalently,
ρ˙dm + 3Hρdm = −ρ˙Λ, (202)
where ρΛ = Λ/8πG is the energy density of the cosmological constant. This equa-
tion requires some kind of energy exchange between matter and vacuum energy,
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e.g. through vacuum decay into matter, or vice versa. It must be emphasized
that the equation of state of the vacuum energy density retains its usual form
pΛ(t) = −ρΛ (t), despite the fact that Λ evolves with time.
It should be noted74 that the equation (201) may be rewritten to yield an ex-
pression for the rate of entropy production in the Λ(t) model as
T
dS
dt
= − Λ˙a
3
8πG
. (203)
From this equation, it immediately follows that Λ must decrease over the course of
time, Λ˙ < 0 (dS/dt > 0), while the energy is transferred from the decaying vacuum
to the material component.
Although we have been using the notation Λ(t), the truth is that, in the majority
of papers, it depends only implicitly on the cosmological time through the scale
factor Λ = Λ(a) or the Hubble parameter Λ = Λ(H), or even a combination of
them. Phenomenological models with a variable cosmological constant are listed
and reviewed in.75
All these models have the same Achilles’ heel: the expression defining Λ(t) is
obtained either using dimensional arguments or in a completely ad hoc way. The
interaction between matter and dark energy cannot be derived in these models
from the principle of least action in a relativistically covariant form.Essentially, we
have come face to face with the previously described general problem that plagues
interaction in the dark sector: in the absence of a microscopic theory of interaction,
we are prevented from pointing out the exact mechanisms of energy transfer between
the components.
In the field of the lagrangian description of the dynamic cosmological constant,
a certain degree of progress was achieved within the framework of so-called Λ (T )
gravity.77 In this theory, the cosmological constant is a function of the trace of
the energy–momentum tensor T . Within the framework of this approximation, the
dynamics of the time-dependent cosmological constant can be described directly in
terms of interacting components with the densities ρΛ and ρdm,
ρ˙dm + 3Hρdm = Q,
ρ˙Λ + 3H (ρΛ + pΛ) = −Q. (204)
where Q is the rate of the energy transfer from dark energy to dark matter ,
Q = 3Hρdm
Λ′ + 2Λ′′ρdm
1 + 3Λ′ + 2Λ′′ρdm
. (205)
Here, Λ′ = dΛdT .We see that in this case, the interaction retains a factorizedH depen-
dence, but is now a non-linear function of ρdm . We return to a linear dependency
when Λ
′′
Λ′ ρdm ≪ 1.
The above-considered phenomenology of a time-depending cosmological constant
can be generalized61 onto the case of bulk viscosity62 and cosmological models with
entropy forces.61
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Let us consider an FLRW spatially flat Universe with the general Friedmann equa-
tions
H2 = 13ρ+ f(t),
a¨
a = − 16 (ρ+ 3p) + g(t)
These equations result in the generalized conservation equation (we used a¨a = H˙ +
H2)
ρ˙+ 3H (ρ+ p) = 6H
(
−f(t) + f˙(t)
2H
+ g(t)
)
For extra driving terms in the form of the cosmological constant the general con-
servation equation transforms into the standard conservation equation. In this
casef(t) = g(t) = Λ/3, f˙ = 0 and
ρ˙+ 3H (ρ+ p) = 6H
(
−f(t) + f˙(t)
2H
+ g(t)
)
→ ρ˙+ 3H (ρ+ p) = 0
In case of f(t) = g(t) = Λ/3 we reproduce the Λ(t)CDM model,
ρ˙+ 3H (ρ+ p) = 6H
(
−f(t) + f˙(t)
2H
+ g(t)
)
→ ρ˙+ 3H (ρ+ p) = Λ˙(t)
6.2. Chameleon fields as a possible realization of interaction
In the simplest dynamical models of dark energy(quintessence, k-essence, phantom
field), the scalar fields undergoes only self-interaction, described by the potential
V (ϕ). A lack of interaction with the other components of the Universe seems both
unnatural and limiting. However, attempts to include interaction (a procedure that,
as we’ve seen, is rather simple from a theoretical point of view) always face the same
fundamental problem. The issue is that the available precision measurements of the
local Universe (for us, the term will be synonymous with ”Solar System”) have been
explained theoretically with the introduction of four forces: strong, weak, electro-
magnetic, and gravitational. The introduction of a new interaction automatically
leads to the appearance of a ”fifth force” that we do not observe. The fact that we
do not observe it places strict limits on any possible interaction between the scalar
fields and matter: either the interaction must be significantly weaker than gravity,
or its quants must be very heavy - meaning that the interaction has a very short
range. A natural question arises - can we build a model where dark energy is a scalar
field that interacts with matter, all the while not violating the equivalence principle,
which is well tested on Solar System scales? Recall that when we say ”dark energy”,
we mean any substance that explains the accelerated expansion of the Universe.
In answer to the above question - yes, there are such models. They’re called
“chameleon models”.78, 79 The chameleon scalar fields are scalar fields coupled to
matter (baryonic matter too) with an intensity comparable with (and sometimes
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greater than) gravitational forces, and with a mass that depends on the density of
the surroundings. On cosmological scales, where density is negligible, these fields
are very light. However, near the Earth, where the density is significantly higher,
the mass of these fields rises significantly. In other words, the characteristics of these
fields, including their actual value, changes with the density of the surroundings.
This is why they are called “chameleon fields” and “chameleon models”. Note also
that the introduction of forces that depend on density is a common practice in
physics. In the 1960s, in order to calculate nuclear characteristics with the help
of the Hartree-Fock method,80 various effective interactions between nucleons were
used. As it turned out, however, none of the analysed potentials were adequate. The
problem was solved by the introduction of an effective interaction that depended
on density.
Let’s make note of another interesting characteristic of chameleon forces, which
lets us understand why forces that are responsible for the global dynamics of the
Universe have only a weak impact on, say, planetary orbits. The latter are, with a
good level of exactness, described by newtonian gravity (as a limit case of general
relativity) and, as we’ve said before, the fifth force must also preserve the prescision
results of the traditional dynamics. Let’s look at the chameleon field that realizes
the interaction between the Earth and the Sun. As it turns out, this interaction is
signigicantly smaller than it appears at first. In order to calculate the field created
by, for instance, Earth, let’s break it up into infinitely small volumes. The input
of the inner volumes will be negligible due to the high density. This means that
the resulting force will be generated mainly by a thin layer near the surface of the
Earth, while the input of the rest of the volume will be negligibly small. Analogous
arguments are applicable to the Sun. Therefore, the introduction of an additional
(chameleon) field will not lead to serious contradictions with tests of general rela-
tivity on Solar System scales.
The action of the chameleon field ϕ is a sum of the Einstein-Hilbert action for
gravity
SEH =
∫
d4x
√−g 1
16πG
R =
∫
d4x
√−gM
2
pl
2
R, (206)
the action of a scalar field
Sφ = −
∫
d4x
√−g
{
1
2
(∂φ)2 + V (φ)
}
, (207)
and the action of the matter fields ψ
(i)
m
Sm = −
∫
d4xLm
(
ψ(i)m , g
(i)
µν
)
. (208)
The key characteristic of the model is the conformal relation of the chameleon field
ϕ with the fields ψ
(i)
m . This relation is chosen in such a way so as to make any
perturbations (particles) of the matter fields move along the geodesics of the metric
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g
(i)
µν , which is related to the initial metric gµν in the following way:
g(i)µν = e
2βiϕ
MPl gµν . (209)
where βi are dimensionless constants. From string theory, it follows that for any
matter component, these constants are of the same order as 1. The full action has
the form
S =
∫
d4x
√−g
{
M2Pl
2
R+
1
2
∂µϕ∂
µϕ− V (ϕ)− 1√−gLm
(
ψ(i)m , g
(i)
µν
)}
. (210)
Variating by ϕ, we obtain the equation of motion for the field:
∇2ϕ = dV (ϕ)
dϕ
+
∑
i
1√−g
∂Lm
(
ψ
(i)
m , g
(i)
µν
)
∂g
(i)
µν
2βi
MPl
g(i)µν . (211)
Using the definition, Tµν =
2√−g
δS
δgµν , the action, (210) the relation, (209), and
the assumption that all material components are an ideal fluid, we find that
1√−g
∂Lm
(
ψ
(i)
m , g
(i)
µν
)
∂g
(i)
µν
g(i)µν =
1
2
ρi(1 − 3wi)e(1−3wi)βiϕ/MPl . (212)
Putting (212) into (211), we obtain the equation of motion that reconstructs the
explicit dependency on the scalar field ϕ
∇2ϕ = dV (ϕ)
dϕ
+
∑
i
(1− 3wi) βi
MPl
ρie
(1−3wi)βiϕ/MPl . (213)
We can express the dynamics of the scalar field in terms of an effective potential:
∇2ϕ = dVeff (ϕ)
dϕ
; Veff = V (ϕ) +
∑
i
ρie
(1−3wi)βiϕ/MPl . (214)
If matter is non-relativistic, all wi = 0, and
Veff = V (ϕ) +
∑
i
ρie
βiϕ/MPl . (215)
Schematically, if we assume that there is only one matter component with the
density ρ, the resulting effective potential can be written as
Veff = V (ϕ) + U(βϕ/MPl)ρ. (216)
The resulting potential is clearly reproduces the interaction of a scalar field (dark
energy) with matter fields.
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6.2.1. Effective potentials of chameleon fields
We wish to choose a bare potential V (φ) that can lead to accelerated expansion
with the help of the mechanism of slow rolling, as in quintessence.66 The mechanism
that makes φ act as a cosmological constant only today is rather large and complex,
so we will assume, without loss of generality, that φ always rolls along the potential
in the positive direction. For this reason, V (φ) must be a monotonically decreasing
function of φ.
The potential of the chameleon field must fulfil the following conditions:
(1) limφ→0 V (φ) =∞;
(2) V (φ) is C∞, bounded below, and strictly deceasing;
(3) V,φ(φ) is strictly negative and increasing;
(4) V,φφ(φ) is strictly positive and decreasing.
These conditions also place restrictions on φ, which only be positive.
There are two widely used types of potentials that fulfil the above conditions.
The first, often found in models with quintessence (see, for instance,68), is the reverse
power potential
V (φ) =
M4+n
φn
,
whereM is a constant with the dimensions of mass and n is a positive constant.
The second is the exponential potential
V (φ) =M4 exp
(
Mn
φn
)
,
where, once again,M is a constant with the dimensions of mass and n is is a positive
constant.
An important difference between these models lies in the limit limφ→∞ V (φ).
For the reverse power potential, it is 0, while for the exponentia potential, it is M4.
The differences are discussed in detail in63 and.69
6.2.2. Chameleon fields in cosmology
Let’s use the exponential potential
V (φ) =M4 exp
(
Mn
φn
)
,
where M = 2 × 10−3 eV. Let’s analyse a planar, uniform, isotropic Universe with
the metric
gµν = diag
(−1, a2, a2, a2) .
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Next, assuming that φ is also uniform,
∇2φ = gµν∇µ∇νφ
= gµν∂µ∂νφ− gµνΓρνµφ,ρ
= g00∂0∂0φ−
(
a−2Γ011 + a
−2Γ022 + a
−2Γ033
)
φ,0
= −φ¨− a−2 (3aa˙) φ˙
= −
(
φ¨+ 3Hφ˙
)
,
Therefore, the equation (214) takes on the form
φ¨+ 3Hφ˙ = −Veff,φ(φ), (217)
which is an ordinary result for a spatially uniform scalar field.
Let’s assume that the Universe is composed of the field φ, pressure-free matter
with the density ρm, which interacts with the field φ through a coupling constant
β, and radiation with the density ρr.
The first Friedmann equation, which is obtained from the Einstein equations
Gµν = 8πGT µν , which can be obtained by variating the action (210) with respect
to the Einstein-frame metric gµν , has the following form:
3H2M2pl =
1
2
φ˙2 + V (φ) + ρme
βφ/Mpl + ρr. (218)
The critical density and the relative density of matter have the following forms:
ρcritical ≡ 1
2
φ˙2 + V (φ) + ρme
βφ/Mpl + ρr
and
Ωm ≡ ρme
βφmin/Mpl
ρcritical
6.2.3. Chameleon forces
The interaction between chameleon fields and matter is rooted in the conformal
relation in the equation (209); this is analogous to how the geometry of space-time
interacts with matter. Since matter fields ψ
(i)
m couple to g
(i)
µν instead of to gµν , the
worldlines of free test particles (meaning particles experiencing only gravity and the
chameleon force) of the species i are the geodesics of g
(i)
µν rather than those of gµν
(see also70).b
The geodesic equation for the worldline xµ of a test mass of the species i is
x¨ρ + Γ˜ρµν x˙
µx˙ν = 0, (219)
bFrom this it is clear that the chameleon force violates the weak Equivalence Principle only if
there exist two matter species with differing values of βi.
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where Γ˜ρµν are Christoffel symbols and a dot denotes differentiation with respect to
the proper time τ˜ , both in the g˜µν metric.
Using
g˜µν,σ =
(
2βi
Mpl
φ,σgµν + gµν,σ
)
e2βiφ/Mpl ,
the Christoffel symbols can be obtained in the following way:c
Γ˜ρµν =
1
2
g˜σρ (g˜σν,µ + g˜σµ,ν − g˜µν,σ)
=
1
2
e−2βiφ/Mplgσρ

2βi
Mpl
φ,µgσν + gσν,µ +
2βi
Mpl
φ,νgσµ
+ gσµ,ν − 2βi
Mpl
φ,σgµν − gµν,σ
 e2βiφ/Mpl
=
1
2
gσρ (gσν,µ + gσµ,ν − gµν,σ) + βi
Mpl
gσρ (φ,µgσν + φ,νgσµ − φ,σgµν)
= Γρµν +
βi
Mpl
(
φ,µδ
ρ
ν + φ,νδ
ρ
µ − gσρφ,σgµν
)
.
Putting this into (219), we obtain
0 = x¨ρ + Γρµν x˙
µx˙ν +
βi
Mpl
(
φ,µδ
ρ
ν + φ,νδ
ρ
µ − gσρφ,σgµν
)
x˙µx˙ν
= x¨ρ + Γρµν x˙
µx˙ν +
βi
Mpl
(φ,µx˙
µx˙ρ + φ,ν x˙
ρx˙ν − gσρφ,σgµν x˙µx˙ν)
= x¨ρ + Γρµν x˙
µx˙ν +
βi
Mpl
(2φ,µx˙
µx˙ρ + gσρφ,σ) .
The second term in the above equation is the familiar gravitational term, while the
term with βi/Mpl is the chameleon force.
We see that in the non-relativistic limit, a test mass m of the species i in a static
chameleon field φ experiences a force ~Fφ given by
~Fφ
m
= − βi
Mpl
~∇φ, (220)
as in.63 Thus, φ is the potential for the chameleon force.
6.2.4. The phantom-divide-line-crossing
Using the chameleon cosmology model, the authors of the following paper147
described the phantom-divide-line-crossing phenomenon. This paper uses the
chameleon model which was considered in.148 The minimally-coupled-to-gravity
scalar field φ with the potential V (φ), whose interaction with the perfect fluid is
cThe derivation of this relationship in the case of a general conformal transformation is given
in [?, pp.65–6].
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described by a term in the Lagrangian, which on the Friedmann background looks
like:148
Lscalar+matter = wρf(φ), (221)
where the coefficient w relates the energy density ρ and the pressure p of matter:
p = wρ, (222)
and f(φ) is some function of the scalar field φ.
Then the authors fixed the fundamental constants in such a way so as to give
to the Friedmann equation a particularly simple form:
H2 = ε, (223)
where ε is the total energy density of the scalar field and matter. On the flat
Friedmann background this total energy density is
ε =
φ˙2
2
+ V (φ) + ρf(φ). (224)
The Klein-Gordon equation for the scalar field φ is
φ¨+ 3Hφ˙+ V ′(φ) + wρf ′(φ) = 0, (225)
where “prime” stands for the derivative with respect to φ. The total energy density
ε satisfies the energy conservation law
ε˙+ 3H(ε+ P ) = 0, (226)
where P is the total pressure of the matter and of the scalar field which is equal to
P = wρ+
φ˙2
2
− V (φ). (227)
After all necessary mathematical manipulations, the Friedmann and Klein-
Gordon equations can be rewritten as
H2 =
φ˙2
2
+ V +
ρ0
f1−wa3(1+w)
, (228)
φ¨+ 3Hφ˙+ V ′ +
wρ0f
′
f1−wa3(1+w)
= 0. (229)
The authors of the article being discussed here,,147 find the explicit expressions
for the potential V (φ) and the function f(φ):
V (φ) =
8 cosh4 φ2φ0
3(1 + w)
(
6α2(1 + w) + 3φ20(1 − w) + 4α tanh
φ
2φ0
)
, (230)
f(φ) =
−16 cosh4 φ2φ0 exp
(
3α(1 + w) φφ0
)
3Mt2R(1 + w)
(
3φ20 + 2α tanh
φ
2φ0
)
1
w
. (231)
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where the function f(φ) describes the interaction between the chameleon scalar field
and the matter. It is found that in the case when
φ0 ≥
√
2α
3
, (232)
w < −1. (233)
then if the parameter α > 13 and
φ0 >
√
4α− 6α2(1 + w)
3(1− w) (234)
then in this case, potential V (φ) is always negative. If α > 13 and√
2α
3
< φ0 <
√
4α− 6α2(1 + w)
3(1− w) (235)
the potential V (φ) changes sign at
φ = 2φ0 arctanh
5α2(1 + w) + 3φ20(1− w)
4α
. (236)
If α < 13 the potential is always negative.
In the case when if at least one of two inequalities (232), (233) is broken the
expression for fw in Eq. (231) cannot be always nonnegative. Hence, when imposing
the following condition on the factor w:
w =
2m+ 1
n
, (237)
where m and n are integers, the expression for f is well defined. The sign of the
potential depends on the interplay of three parameters φ0, w and α.
The Universe in this solution begins its evolution from the Big Bang singularity,
undergoes a phantom divide line crossing and ends in the Big Rip singularity. The
two potential-like functions of the chameleon scalar field have a rather simple ana-
lytic form. Note that this form is simpler than the potential functions in two-scalar
model, providing the same cosmological evolution.149
6.2.5. An FLRW Cosmology with a Chameleon Field
In the article,150 the authors derive the field equations of a chameleon theory of
gravitation with a general matter Lagrangian term and represent them in the frame-
work of cosmology. The field equations in this framework after some mathematical
manipulations, take the form(
a˙
a
)2
=
8π
3φ
ǫm +
ω
6
(
φ˙
φ
)2
− a˙
a
φ˙
φ
, (238)
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a¨
a
= −8π
3φ
[
ρm
(
3 + ω
3 + 2ω
)
+ 3pm
(
ω
3 + 2ω
)]
− ω
3
(
φ˙
φ
)2
+
a˙
a
φ˙
φ
+
4π
3 + 2ω
S , (239)
φ¨
φ
+ 3
a˙
a
φ˙
φ
=
8π
(3 + 2ω)φ
(ρm − 3pm)− 8π
3 + 2ω
S (240)
and
ρ˙m + 3γ
a˙
a
ρm =
1
2
Sφ˙ , (241)
ρ˙φ + 6
a˙
a
ρφ = − 1
16π
Rφ˙− 1
2
Sφ˙ , (242)
where dot denotes derivation with respect to cosmic time t and
ρφ ≡ ωφ˙
2
16πφ
(243)
Then by introducing the following dynamical variables
X =
a˙
a
, Y =
φ˙
φ
and Z =
ρ
φ
, (244)
the authors studied the dynamical behaviour of the Universe. For these variables,
the field equations take the following form
X˙ =
(
Q3 − 2Q1Q4
Q2
)−1 [(
ωA
6
− ω
3
+
Q4
Q2
− ωB
6α2
− ωBQ4
6α2Q2
− γω
2α
X
Y
)
Y 2
+
(
1−A+ B
α2
+
3γ
2α
X
Y
)
X2
+
(
1−A− 3Q4
Q2
+
B
α2
+
BQ4
α2Q1
+
3γ
α
X
Y
)
XY
]
(245)
Y˙ =
(
1− 2 Q1
Q2Q3
)−1{[
1
Q2
(
1− BC
3
− ωB
6α2
− 3ωB
6α2
X
Y
)
+
ωQ1
Q2Q3
(
A
3
− 2
3
− B
3α2
− γB
2α
X
Y
)]
Y 2
+
[
1
Q2
(
2BC
α
+
B
α2
+
3B
2α2
X
Y
)
+
Q1
Q2Q3
(
2− 2A+ 2B
α2
+
3(γ + 1)B
α2
X
Y
)]
X2
+
[
1
Q2
(
−3 + 2BC
α
+
B
α2
+
3B
2α2
X
Y
)
+
Q1
Q2Q3
(
−2A+ 2B
α2
+
3γB
α2
X
Y
)]
XY
}
(246)
where
α =
8π
3
, A =
3− 2ω + 3γ
3 + 2ω
, B =
4π
3 + 2ω
and C = 2− 3γ . (247)
Q1 =
B
α
(
1− 2X
Y
)
, (248)
Q2 = 1 +
2Bω
3α
− 2B
α
X
Y
, (249)
Q3 = 1− B
α
− 2B
α
X
Y
(250)
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and
Q4 =
B
α
(
X
Y
− ω
3
)
. (251)
Results of the analysis of this dynamical system are shown in Figures 4, 5 and
6. The case ω = 50000 is of special interest.
Fig. 4. The global phase portrait for ω = −1.49 and γ = 1. These diagrams show the evolution
of a dust dominated Universe and include curves which can be interpreted as both the inflationary
phase and the late time acceleration.
Fig. 5. The global phase portrait for ω = −1.49 and γ = 0. These diagrams show the evolution of a
dark matter dominated universe and include curves which can be interpreted as the manifestations
of the late time acceleration.
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Fig. 6. The global phase portrait for ω = 50000 and γ = 1. These diagrams show the evolution
of a cold dark matter dominated universe and include curves which can be interpreted as the
manifestations of the late time acceleration.
6.3. Interacting models in f(R) -gravity
One of the possible ways to explain the acceleration of the Universe is to modify
Einstein gravity by making the substitution R→ f(R) .The action in f(R) gravity
in the Jordan frame is
S =
1
2κ
∫
d4x
√−gf(R) + Sm (gµι, ψ) , Sm =
∫
d4x
√−gLm (gµι, ψ) , (252)
where R is the Ricci scalar, κ = 8πG , and L(m) is the matter Lagrangian. and
ψ represents all matter fields. It is possible to transform the action (252) from the
original Jordan frame to the Einstein frame by using conformal transformations.81, 83
In the Einstein frame, the model contains a coupling between the canonical scalar
fields (dark energy) and the non-relativistic matter.
Variation of (252) with respect to the metric gµν yields the field equation
f ′Rµν − 1
2
fgµν −∇µ∇νf ′ + gµνf ′′ = kT (m)µν , f ′ ≡
df
dR
. (253)
Here, the matter stress-energy tensor T
(m)
µν is
T (m)µν = −
2√−g
δ (
√−gLm)
δ (gµν)
(254)
f(R) gravity may be written as a scalar-tensor theory, by introducing a Legendre
transformation {R, f} → {φ, U}, defined as
φ ≡ f ′(R),
U (φ) ≡ R (φ) f ′ − f [R (φ)] . (255)
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In this representation the field equations of f(R) gravity can be derived from a
Brans-Dicke type action given by
S =
1
2κ
∫
d4x
√−g (φR− U(φ) + Lm) (256)
This is the so-called Jordan frame representation of the action. One can perform a
canonical transformation and rewrite the action (256) in what is called the Einstein
frame. Rescaling the metric as
gµν → g˜µν = f ′ gµν . (257)
and redefining φ→ φ˜ with
dφ˜ =
√
3
2k
dφ
φ
. (258)
the original theory can be mapped into the Einstein frame, in which the ‘new’ scalar
field φ˜ couples minimally to the Ricci curvature, and has canonical kinetic energy,
S =
∫
d4x
√−g
[
R˜
2κ
− 1
2
∂µφ˜ ∂µφ˜− V
(
φ˜
)]
+ Sm
(
e−2βφ˜g˜µν , ψ
)
. (259)
The self-interacting potential V
(
φ˜
)
is given by
V
(
φ˜
)
=
Rf ′ − f
2κf ′2
. (260)
Clearly, a coupling of the scalar field φ˜ with the matter sector is now induced. The
strength of this coupling β =
√
1/6 6 is fixed and is same for all matter fields.
Taking g˜µν and φ˜ as two independent variables, the variations of the action (259)
yield the following field equations
G˜µν = κ
(
T˜ φ˜µν + T˜
m
µν
)
. (261)
φ˜− dV (φ˜)
dφ˜
= −β√κT˜m, (262)
where T˜m ≡ g˜µν T˜mµν . The latter equation shows that the evolution of the field φ is
directly coupled to matter. Radiation, for which T˜m = 0, is an obvious exception.
For a spatially flat, homogeneous, and isotropic Universe, the field equation (262)
reduces to
φ¨+ 3Hφ˙+
dV
dφ
= −β√κρm, (263)
Utilizing the usual definitions of density and pressure of a scalar field, the equation
(263) can be transformed into
ρ˙φ + 3H (1 + wφ) ρφ = −Q, Q = β
√
κφ˙ρm. (264)
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In the final expressions (the formulas (264) and (266) we opted not to write the
tildes overhead. Lets now move to the Einstein frame for the matter conservation
equation, which in the Jordan frame has the standard form ρ˙m + 3Hρm = 0. The
transfer is realized by the transforms
dt˜ =
√
Fdt, a˜ =
√
Fa, H˜ =
1
a˜
da˜
dt˜
=
1√
F
(
H +
F˙
2F
)
, F = e−2β
√
κφ. (265)
Performing the transforms, we will obtain
ρ˙m + 3Hρm = Q, (266)
The equations (264) and (266) represent a standard system of interacting compo-
nents. It is important to note that interaction is created by our deviation from
general relativity. Interaction vanishes when φ = const i.e. when f(R) is linear.
Since the function f(R) is given mainly phenomenologically, it is interesting to
impose some limitations on it which follow from observations.
6.3.1. Determination of the function f(R) from observations
It is known that the observed equality of the dark energy density and the matter
density of in the Universe in the order of magnitude are coincidence (coincidence
problem). If one assumes that the density ratio r remains constant or changes very
slowly during the Universes evolution, then one can with certainty assume that
r˙ = 0 then, as was shown in,120
(2q − 1)H = −β
√
kφ˙. (267)
Using the relation (263), in120 the equation (268) was obtained, which connects
the model function q and the phenomenological function determined from observa-
tions
f ′′
f ′
R˙ = −2(2q − 1)H (268)
where a prime denotes a derivative with respect to R.
The article120 provides constraints on the function f(R), which could alleviate
coincidence problem. So, using the functions H and q derived from observations, it
is possible to solve the equation (268) and to obtain the functional form of f(R) (in
the r˙ = 0 regime) can be determined in principle.
Note that since there is a certain degeneracy between models with dark matter-
dark energy interaction and f(R)− gravity models, the observations that confirm
one of the theories indirectly confirm the other theory.
In,167 the 579 clusters pressure profiles were considered. This analysis was based
on the Yukawa-like correction to the Newtonian potential obtained in the weak
field approximation of f(R)− gravity. Based on this analysis, it was shown that
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the dynamics of clusters at the very least does not contradict the pressure profiles
observed in the foreground clean SMICA map released by the Planck Collaboration.
6.4. Interacting models in f(T ) -gravity
The theory of f(T ) -gravity was introduced to explain the current expansion of the
universe without the need for a dark energy component. The f(T ) theory is a gen-
eralization of the teleparallel gravity and becomes equivalent to General Relativity
in the absence of torsion. The original idea of the f(T ) theory is a generalization of
teleparallel gravity, just like f(R) gravity is a generalization of General Relativity -
we replace the torsion scalar T in teleparallel gravity with a certain function f(T ).
Nevertheless, the positive feature of the f(T ) theory is that the field equations are
second order as opposed to the fourth order equations of the f(R) theory. Below
we consider as a model of f(T ) -gravity applied to the interacting dark matter and
dark energy paradigm.
The action I of modified teleparallel gravity in the movement of f(T ) gravity
has the form170
I =
1
16πG
∫
d4x
√−g [f(T ) + Lm], (269)
here Lm is linked to the Lagrangian density of the matter inside of the Universe.
So, in order to describe the f(T ) theory of gravity, we usually begin from the field
equations in a FLRW background filled with non-relativistic matter. The Hubble
equation has the form170
H2 +
k
a2
=
1
3
(ρm + ρT ), (270)
the equation for the acceleration
H˙ − k
a2
= −1
2
(ρm + ρT + pT ), (271)
where the energy density and pressure contributions that are associated with the
torsion take the form
ρT =
1
2
(2Tf ′ − f − T ), (272)
pT = −1
2
[−8H˙T f ′′ + (2T − 4H˙)f ′ − f + 4H˙ − T ], (273)
the primes denotes derivatives with respect to the torsion scalar T . Also note
that we work in the units in which 8πG = 1.
For the non-flat background the torsion scalar is defined, as
T = −6
(
H2 +
k
a2
)
. (274)
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Taking into account the listed-below formulas, one can obtain171
ρm =
1
2
[f − 2Tf ′]. (275)
In these models, introducing interaction between dark matter and dark energy
(torsion scalar) is no different from other models with interaction in the dark sec-
tor.171–173 So, the corresponding energy-balance equations are
˙ρm + 3Hρm = Q, (276)
and
˙ρT + 3H(ρT + pT ) = −Q, (277)
Rewriting the last equation in terms of the effective EoS, we obtain
ρ˙T + 3HρT (1 + weff ) = 0. (278)
where the effective EoS is given by
weff = wT +
Q
3HρT
. (279)
Using the equations (272), (273) and (279), we get
weff = −1 +
(
4k
a2
− T˙
3H
) (
2Tf ′′ + f ′ − 1
2Tf ′ − f − T
)
+
Q
3HρT
. (280)
Following,171 we find the time derivative of Eq.(272)
ρ˙T =
T˙
2
[f ′ + 2Tf ′′ − 1], (281)
thus, the equation of state for the torsion scalar has the form
wT = −
[
1 +
Q
3HρT
+
T˙
3H
(2Tf ′′ + f ′ − 1)
(2Tf ′ − f − T )
]
. (282)
Conversely, using (271) and (274), it can be easily obtained that
T˙ =
12H
(f ′ + 2Tf ′′)
[
(f − 2Tf ′)
4
+
k
a2
(f ′ + 2Tf ′′ − 1)
]
. (283)
Using the above equations, it can be finally obtained that
wT = −
[
1+
Q
3HρT
+
4
(f ′ + 2Tf ′′)
(2Tf ′′ + f ′ − 1)
(2Tf ′ − f − T )
(
(f − 2Tf ′)
4
+
k
a2
(f ′ + 2Tf ′′ − 1)
)]
(284)
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The deceleration parameter q can be written as171
q =
1
2
− k
2a2
[
T
6
+
k
a2
]−1
+
[
T
6
+
k
a2
]−1 [ (2Tf ′ − f − T )
4
+
Q
6H
+
(2Tf ′′ + f ′ − 1)
(f ′ + 2Tf ′′)
×
(285)(
(f − 2Tf ′)
4
+
k
a2
(f ′ + 2Tf ′′ − 1)
)]
.
It should be noted that in the special flat (k = 0), non-interacting Q = 0 the
Einstein teleparallel gravity limit in which f(T ) = T , the upper formula is given
(becomes) q = 1/2, which represents the matter dominated epoch.
7. Interacting dark energy models in fractal cosmology
The fractal properties of quantum gravity theories in D dimensions have been ex-
plored in several contexts. To start off, the renormalizability of perturbative gravity
at and near two topological dimensions drew much interest to D = 2 + ǫ models,
with the hope of improving our understanding of the D = 4 case.178–185
Assuming that matter is minimally coupled with gravity, the total action is174, 175
S = Sg + Sm , (286)
where Sg is
Sg =
M2p
2
∫
d̺(x)
√−g (R− 2λ− ω∂µv∂µv) , (287)
and
Sm =
∫
d̺
√−gLm (288)
is the matter action. Here, g is the determinant of the dimensionless metric, gµν ,
M−2p = 8πG is the reduced Planck mass, R is the Ricci scalar, λ is the bare cosmo-
logical constant, and the term proportional to ω has been added because v, like the
other geometric field gµν , is now dynamical. Note that d̺(x) is Lebesgue–Stieltjes
measure generalizing the D-dimensional measure dDx. The scaling dimension of ̺
is [̺] = −Dα 6= −D, where α > 0 is a positive parameter.
The derivation of the Einstein equations goes almost like it does in scalar-tensor
models. Taking the variation of the action (286) with respect to the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric gµν , one can obtain the Friedmann
equations in a fractal Universe, as was shown in175(
D
2
− 1
)
H2 +H
v˙
v
− 1
2
ω
D − 1 v˙
2 =
1
M2p (D − 1)
ρ+
λ
D − 1 −
k
a2
, (289)
✷v
v
−(D−2)
(
H2 + H˙ −H v˙
v
+
ω
D − 1 v˙
2
)
+
2λ
D − 1 =
1
M2p (D − 1)
[(D − 3)ρ+ (D − 1)p] .
(290)
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where H = a˙/a is the Hubble parameter, ρ and p are the total energy density
and pressure of the ideal fluid composing the Universe. The parameter k denotes
the curvature of the Universe, where k = −1, 0,+1 for the close, flat and open
Universe respectively. Clearly, when v = const, Eqs.(289) and (290) transform to
the standard Friedmann equations in Einstein GR.
If ρ + p 6= 0, the following (purely gravitational) equation is valid (see175 for
details):
H˙ + (D − 1)H2 + 2k
a2
+
✷v
v
+H
v˙
v
+ ω(v✷v − v˙2) = 0 . (291)
The continuity equation in fractal cosmology takes the form
ρ˙+
[
(D − 1)H + v˙
v
]
(ρ+ p) = 0 , (292)
When v = 1 and D = 4, we recover the standard Friedmann equations in four
dimensions, eqs. (289) and (290) (no gravitational constraint):
H2 =
1
3M2p
ρ+
λ
3
− k
a2
, (293)
H2 + H˙ = − 1
6M2p
(3p+ ρ) +
λ
3
. (294)
On the other hand, for the measure weight
v = t−β , (295)
where β is given by β ≡ D(1 − α), the gravitational constraint is switched on.
The UV regime, in fact, describes short scales at which inhomogeneities should play
some role. If these are small, the modified Friedmann equations define a background
for perturbations rather than a self-consistent dynamics.
Recently186 the holographic, new agegraphic and ghost dark energy models in
the framework of fractal cosmology were investigated. In the next section we consider
a Universe in which dark energy interacts with dark matter.
For four-dimensional space with a FLRW-metric in the fractal case, and the
natural parameterization of the function as v = t−β, the equations (292) transform
to:
ρ˙m +
(
3H − βt−1) ρm = Q, (296)
ρ˙x + (1 + w)
(
3H − βt−1) ρx = −Q, (297)
where ρm and ρx are densities of dark matter and dark energy respectively, and w
is the EoS parameter for dark energy. It is convenient to use the relative energy
densities of dark energy and dark matter in accordance with standard definitions:
Ωm =
ρm
3M2pH
2
, Ωx =
ρx
3M2pH
2
. (298)
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The above equation can be written in terms of these density parameters as the
following:
Ω˙m +
(
3H − βt−1)Ωm + 2Ωm H˙H = Q3M2pH2 ,
Ω˙x + (1 + wx)
(
3H − βt−1)Ωx + 2Ωx H˙H = − Q3M2pH2 ,
(299)
where the dot denotes a derivative with respect to the cosmic time t. The dif-
ferential equation for the Hubble parameter has the form
H˙ +H2 − βH
2t
+
β(β + 1)
2t2
+
ωβ2
3t2(β+1)
= −1
2
((1 + 3w)Ωx +Ωm)H
2. (300)
In order to obtain the Friedmann equation in terms of the relative densities, it is
necessary to introduce the fictitious density in the same way as Ωk = k/(a
2H2). So,
we introduce the fractal relative density:
Ωf =
ωv˙2
6H2
− v˙
Hv
. (301)
Taking into account the ansatz v = t−β , we obtain the equation of motion for fractal
relative density
Ωf =
ωβ2
6H2t2(β+1)
+
β
Ht
, (302)
Thus, the Friedman equation can be re-written in a very elegant form∑
α=k,f,x,m
Ωα ≡ 1. (303)
Note that within the framework of this definition, the values of the relative densities
Ωx or Ωm can exceed 1.
7.1. Linear interaction of dark matter and dark energy
Below, we consider the simplest form of interaction – a linear combination of the
densities of dark matter and dark energy in a flat Friedmann-Lemaitre-Robertson-
Walker fractal Universe with:
Q ≡ H(δρx + γρm). (304)
In this case, the equations of motion take the form
Ω˙m +
(
3H − βt−1)Ωm + 2Ωm H˙
H
= H(δΩx + γΩm),
Ω˙x + (1 + wx)
(
3H − βt−1)Ωx + 2Ωx H˙
H
= −H(δΩx + γΩm), (305)
Ω˙f +
(
H˙
H
+ 2(1 + β)t−1
)
Ωf − (1 + 2β)β
Ht
= 0.
Since the equations explicitly depend on time, it is not possible to find their ana-
lytical solution.
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7.2. Analyzable case of dark matter - dark energy interaction
The analytical solution can be found only in the case when the Hubble parameter
is inversely proportional to time, which is typical, for example, at the stage of
nonrelativistic matter dominance. Suppose that at this stage the Hubble parameter
has the form H = σt−1. Then the equations (299) take the following form
Ω′m = θΩm + σδΩx,
Ω′x = −δγΩm + υΩx,
(306)
where θ = 2 + γσ + β − 3σ, υ = 2 − (1 + w)(3σ − β) − δσ, and the prime denotes
a derivative with respect to the logarithm of cosmic time ′ ≡ dd ln t . Note also that
the parameter θ is physically meaningful under the condition σ > 0, because we do
not consider a collapsing Universe. In this regime of evolution of the Universe, the
system of equations is autonomous and can be solved exactly. The characteristic
equation of the system (306) has the form
τ2 − (θ + υ)τ + δ2σγ + θυ = 0, (307)
its roots are equal to:
τ± =
θ + υ
2
[
1±
√
1− 4(δ
2σγ + θυ)
(θ + υ)2
]
(308)
Let us consider possible types of solutions, and indicate the critical points that
correspond to them. As one can see, this model contains many parameters, making
it cumbersome to analyze. Note that due to this feature, the system describes all
possible types of critical points typical of coarse equilibrium states.
Recall that the values of β in the IR and UV regimes are βIR = 0 and βUV = 2
respectively. The UV regime, in fact, describes short scales at which inhomogeneities
should play some role. If these are small, the modified Friedmann equations define
a background for perturbations rather than a self-consistent dynamics.
There are six types of critical points:
(1) Stable node τ± ∈ ℜ, τ± < 0, τ+ > τ− > 0, θ + υ < 0, 4(δ2σγ + θυ) <
(θ + υ)2, δ2σγ + θυ > 0.
(2) Unstable node: τ± ∈ ℜ, τ± > 0, τ+ > τ− > 0,θ + υ > 0, 4(δ2σγ + θυ) <
(θ + υ)2, δ2σγ + θυ > 0.
(3) Saddle point: τ± ∈ ℜ, τ+τ− < 0, δ2σγ + θυ < 0.
(4) Stable spiral point: τ± ∈ C, τ± = τ1 ± iτ2, τ1, τ2 ∈ ℜ τ1, τ2 > 0, θ + υ <
0, (θ + υ)2 < 4(δ2σγ + θυ).
(5) Unstable spiral point: τ± ∈ C, τ± = τ1 ± iτ2, τ1, τ2 ∈ ℜ τ1, τ2 < 0, θ + υ >
0, (θ + υ)2 < 4(δ2σγ + θυ).
(6) Elliptic fixed point τ± ∈ ℑ, τ± = ±iτ, τ ∈ ℜ, θ = υ, δ2σγ + θυ > 0.
These are all the possible critical points in the system (306). Some types of critical
points that are typical of this system are shown in figure 7.
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b
c
d
e I
Fig. 7. Phase portraits for some types of critical points for w = −1: a) stable node, γ = −2, σ =
3, β = −1, δ = 3, b) stable focus, γ = −3, σ = 1, β = 2, δ = 3, c) center, γ = 3, σ = 3, β =
−1, δ = 1, d) unstable focus, γ = 3, σ = 1, β = 2, δ = 3, e) unstable node, γ = 3, σ = −3, β =
2, δ = 3, i) saddle, γ = 3, σ = −3, β = 1, δ = −2.
In most cases, linearized system (306) will have real eigenvalues. In these cases,
it is important to identify which orbits are attracted to the singular point, and
which are repelled away as the independent variable (usually t) tends to infinity.
This is not a true phase-space plot, despite the superficial similarities. One
important difference is that a Universe passing through one point can pass through
the same point again but moving backwards along its trajectory, by first going to
infinity and then turning around (recollapsing).
The local dynamics of a singular point may depend on one or more parameters.
When small continuous changes in the parameter result in dramatic changes in the
dynamics, the singular point is said to undergo a bifurcation. The values of the
parameters which result in a bifurcation at the singular point can often be located
by examining the linearized system. Singular point bifurcations will only occur if one
(or more) of the eigenvalues of the linearized system is a function of the parameter.
The bifurcations are located at the parameter values for which the real part of an
eigenvalue is zero. The figure 7 actually shows such bifurcations. Different types
of critical points correspond to different values of parameters, and hence different
roots (308) of the characteristic equation (307).
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8. Interacting holographic dark energy
The cosmological constant problem consists of the enormous difference (120 orders
of magnitude) between the observed DE density in the form of the cosmological
constant and its ’expected’ value. The expectations are based on rather natural
assumptions concerning the cutoff parameter of the integral that represents the
density of zero-point vacuum oscillations. The holographic principle lets us replace
’natural assumptions’ with more rigorous quantitative estimates.
In any effective quantum field theory defined in a spatial region of a characteristic
size L and using an ultraviolet cutoff Λ, the entropy of the system has the form
S ∝ Λ3L3. For example, fermions situated at the nodes of a spatial lattice that
has the characteristic size L and the period Λ−1 are in one of the 2(ΛL)
3
states.
Consequently, the entropy of such a system is S ∝ Λ3L3. In accordance with the
holographic principle, this quantity should satisfy the inequality221
L3Λ3 ≤ SBH ≡ 1
4
ABH
l2p
= πL2M2p , (309)
where SBH is the entropy of a black hole and ABH is the surface area of a black
hole event, which in the simplest case coincides with the surface of a sphere of the
radius L. The relation (309) shows that the value of the infrared (IR) cutoff cannot
be chosen independently of the value of the ultraviolet (UV) cutoff.
We have obtained an important result:221 in the framework of holographic dy-
namics, the value of the IR cutoff is strictly related to the value of the UV cutoff.
In other words, physics at small UV scales depends on the physical parameters at
large IR scales. For instance, when inequality (309) tends to an exact equality,
L ∼ Λ−3M2p . (310)
Effective field theories with UV cutoffs (310) necessarily involve numerous states
that have a gravitational radius that exceeds the size of the region within which
the theory is defined. In other words, for any cutoff parameter, a sufficiently large
volume exists in which the entropy in quantum field theory exceeds the Bekenstein
limit. To verify this, we note that the effective quantum field theory is usually
required to be capable of describing the system at the temperature T ≤ Λ. For
T ≫ 1/L, this system has the thermal energy M ∼ L3T 4 and the entropy S ∼
L3T 3.. The condition (309) is satisfied for T ≤ (M2Pl/L)1/3, which corresponds to
the gravitational radius rg ∼ L(LMPl)≫ L.
To overcome this difficulty, an even stricter constant is proposed in221 for the
IR cutoff, L ∼ Λ−1, which excludes all states that are within the limits of their
gravitational radii. Taking into account that (311)
ρvac ≈ Λ
4
16π2
, (311)
we can rewrite the condition (309) as
L3ρΛ ≤ LM2Pl ≡ 2MBH , (312)
August 19, 2014 0:27 WSPC/INSTRUCTION FILE IDE˙and˙DM
Cosmological Evolution With Interaction Between Dark Energy And Dark Matter 63
where MBH is the mass of a black hole of the gravitational radius L. So, by the
order of magnitude, the total energy contained in a region of size L does not exceed
the mass of the black hole of the same size. The quantity ρΛ is conventionally called
“holographic dark energy”.
In the cosmological context we are interested in, if the total energy contained
in a region of size L is postulated to not exceed the mass of the black hole of the
same size, i.e.,
L3ρΛ ≤MBH ∼ LM2Pl. (313)
we reproduce the relation between small and large scales in a natural way. If the
inequality (313) were violated, the Universe would only be composed of black holes.
Applying this relation to the Universe as a whole, it is natural to identify the IR
scale with the Hubble radius H−1.
ρΛ ∼ L−2M2Pl ∼ H2M2Pl. (314)
Taking into account that
MPl ≃ 1.2× 1019GeV; H0 ≃ 1.6× 10−42GeV,
The last quantity is in good agreement with the observed value of DE density
ρΛ ∼ 3 · 10−47GeV 4. Therefore, in the framework of holographic dynamics, there is
no cosmological constant problem.
We represent the holographic DE density as188
ρL = 3c
2M2pL
−2. (315)
The coefficient 3c2 (c > 0) is introduced for convenience, andMp continues to stand
for reduced Planck mass: M−2p = 8πG.
When choosing the IR cutoff scale, we have many options, and therefore there
is an equally large number of holographic DE models.
Some of these models are flawed: a problem with the equation of state arises
in choosing the Hubble radius as the IR scale: in this case, the holographic DE
does not account for the accelerating expansion of the Universe.188 The first thing
that suggests itself is to replace the Hubble radius with the particle horizon Rp =
a
∫ t
0
dt
a = a
∫ a
0
da
Ha2 . Regretfully, such a replacement does not yield the desired result.
To resolve this and other problems that arise in models with holographic dark
energy, models of interacting holographic dark energy were proposed.
As we know, models featuring an interaction between matter and DE were intro-
duced by C. Wetterich to lower the value of the cosmological term by using scalar
field,189 and Horvat first used the holographic principle to analyse cases with decay-
ing cosmological constants.190 The holographic dark energy model with interaction
between dark energy and dark matter was first investigated by B. Wang, Y. G.
Gong and E. Abdalla in.201 As mentioned above, if dark energy interacts with cold
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dark matter,the continuity equations for them are
ρ˙dm + 3Hρdm = Q, (316)
ρ˙L + 3H(ρL + pL) = −Q. (317)
where Q represent the interaction term. The interaction between the dark sectors
in the HDE model has been extensively studied in, e.g.,202 It was found that the
introduction of interaction may not only alleviate the cosmic coincidence problem,
but can also help to arrive at or cross the phantom divide line.204, 205
The density parameters, meanwhile, are
ΩL =
8πρL
3M2PlH
2
, Ωm =
8πρm
3M2PlH
2
, Ωk =
k
H2a2
. (318)
for generality, we consider a Universe with an arbitrary spatial curvature. The first
Friedmann equation in this case takes the form
H2 =
8πG
3
(ρL + ρm)− k
a2
, (319)
which gives
ΩL +Ωm = 1 + Ωk. (320)
The ratio r is related to the density parameters by
r =
1− ΩL +Ωk
ΩL
, (321)
and its time evolution is
r˙ = 3Hr
[
wL − wm + 1+ r
r
Γ
3H
]
= 3Hr
[
weffL − weffm
]
. (322)
It is obvious from Eq. (322) that when weffm = w
eff
L takes place, the effective equations
of state give r˙ = 0. When this equilibrium takes place, the ratio of dark energy and
dark matter densities is a constant. can be
To find the time evolution of the Hubble parameter, we combine the Friedmann
equation Eq. (319), and the time evolution of densities:
1
H
dH
dx
= −3
2
− 1
2
Ωk − 3
2
wLΩL , (323)
where x = ln(a/a0) with some fixed scale factor a0. The density parameters satisfy
the differential equations
dΩL
dx
= 3ΩL
[
1
3
Ωk + wL(ΩL − 1)− Γ
3H
]
,
dΩk
dx
= Ωk(1 + Ωk + 3wLΩL) . (324)
It was shown in Ref.207 that it is enough to make two physical assumptions in order
to determine the parameters of evolution of the Universe. For instance, we can
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make an assumption about the dark energy, ρL, specifically about the nature of DE
and its equation of state, or we can make an assumption regarding its interaction
parameter Q, which is equivalent to an assumption about Γ. These three values are
related by
Γ = 3H(−1− wL) + 2 L˙
L
. (325)
This equation demonstrates that the interaction should generally be of the same di-
mension as the Hubble parameter, and likewise suggests that holographic definitions
for the interaction may be helpful.
So long as the physical meaning of the effective equation of state 178 is clear, one
can eliminate wL and Γ in favor of w
eff
L and w
eff
m , and therefore obtain the equations
dΩL
dx
= −3ΩL(1 − ΩL)(weffL − weffm ) + ΩkΩL(1 + 3weffm ) ,
dΩk
dx
= 3ΩkΩL(w
eff
L − weffm ) + Ωk(1 + Ωk)(1 + 3weffm ) . (326)
These equations are conformable with the analysis of Ref.,206 and with the re-
placement Ωk = 0, one returns to the equation for the flat case from Ref.
207 The
asymptotic behavior and equilibria of these coupled differential equations is defined
by its fixed points.
The emergence of the multipliers weffL −weffm and 1+3weffm are easy to comprehend
from a physical point of view. The first factor only compares whether dark energy
or matter comes to dominate as the Universe expands. The second factor compares
matter to curvature (“weffk = − 13”), so it measures whether the density of matter
increases or decreases as the Universe expands.
Next, we consider some models of interacting holographic dark energy, the main
difference between them consisting in the the choice of the infrared cutoff scale.
There are various choices for the forms of Q. The most common choice is
Q = 3αHρ, (327)
where α is a dimensionless constant, and ρ is taken to be the density of dark energy,
dark matter, or their sum. In this section, unless otherwise stated, we will consider
the case
Q = 3αHρL. (328)
We will obtain some useful expressions, without specifying the type of holo-
graphic dark energy. For the beginning we can differentiating in time the expression
, we obtain a simple relation To start, we differentiate both sides of the expression
(315) with respect to time, and obtain.
ρ˙L = −2ρL L˙
L
, (329)
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substituting this expression into the conservation equations allows us to obtain
obtain the effective equation of state parameter for the interacting holographic dark
energy:
wL ≡ pL
ρL
=
2
3
L˙
LH
− α− 1. (330)
8.1. Interacting holographic dark energy with the Hubble radius as
the IR cutofff
Setting L = H−1 in (315) and working with the equality, it becomes
ρH = 3 c
2M2pH
2. (331)
The effective equation of state parameter takes on the form
wH = −2
3
H˙
H2
− α− 1, (332)
As we see from (328), the parameter responsible for interaction, α,contributes
to accelerated expansion when it is positive. In this case, the Friedmann equation
has an exact solution, and so for the Hubble parameter, we obtain
H =
2(1− αc2)
3− 2αc2
A
t
, (333)
where A is an integration constant, and t is the cosmic time. The time dependence
of the scale factor a(t) has the form
a(t) = a0t
2(1−αc2)
3−2αc2 , (334)
where a0 is an integration constant. In conclusion, we find that for this model the
deceleration parameter is q = −1− H˙H2 = 12
(
1− QHρm
)
:
q(t) =
1
2(1− 2αc2) , (335)
Clearly, if we assume in equations (333)-(335) that α = 0, (interaction-free case)
we obtain expressions for a Universe filled with non-relativistic matter and the
Einstein-de Sitter value q = 12 . As seen in this model, the deceleration parameter
is constant throughout the evolution of the Universe and, therefore, cannot explain
the change of phases from a slow (matter dominated) expansion to an accelerated
(dark energy dominated) expansion of the Universe.
Evidently, a change of ρH/ρm needs a corresponding change of c
2. Within the
framework of this model so far, a dynamical evolution of the energy density ratio
is impossible. In the article,191 the authors consider not only the L = H−1 model,
but also studied the case of c(t). In this case, the deceleration parameter is not a
constant, which makes it possible (with an appropriate choice of c(t)) to describe
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transient acceleration. As a way to resolve the problem, it has been suggested that
we replace the Hubble scale with various other suitable cosmological scales.
As shown in Ref.,197 within the framework of this type of holographic dark
energy, the transition from decelerated to accelerated expansion of the universe is
possible when choosing the interaction term in the following form:197, 198
Q
3Hρm
= µ
(
H
H0
)−n
, (336)
where µ is an interaction constant. The Hubble parameter in this case takes the
following form
H
H0
=
(
1
3
)1/n [
1− 2q0 + 2 (1 + q0) a−3n/2
]1/n
, (337)
where µ is determined by the current value q0 of the deceleration parameter q by
µ =
1
3
(1− 2q0) . (338)
For n = 2 one reproduces the ΛCDM model.
8.2. Interacting Holographic DE density with the future event
horizon as the IR Cutoff
Although the Hubble radius is the simplest and most theoretically motivated choice
for the IR cutoff, we have seen that such a choice cannot recreate the observed
phenomena even in the presence of interaction between dark energy and dark matter.
Furthermore, if the interaction rate is given by Q = 9c2αM2pH
3 (α > 0), the matter
density ρm becomes negative for a ≪ 1. This problem does not occur for α < 0.
Nevertheless, the case α < 0 not in agreement with observations.
In this subsection, we will consider cosmological models where the future even
horizon is chosen as the IR cutoff scale .
It is worth noting that the cosmological horizons being discussed here (with
the exception of horizons in de Sitter space and perturbations around it) do not
rapidly settle down to a quasiequilibrium state, but rather go on evolving for all
time. The absence of a quasiequilibrium state manifests also in the absence of a well
defined Hawking temperature for such horizons. Their thermodynamic significance
is therefore much less clear than for either black hole or de Sitter spaces.192
So, consider the model of interacting holographic dark energy, with the future
event horizon chosen as the infrared cutoff scale.193 In this case,
Lf = a(t)
∫ ∞
t
1
a(t′)
dt′. (339)
This horizon is the boundary of the volume that a stationary observer may ulti-
mately observe. In the presence of a big rip at t = ts, the ∞ in (339) must be
replaced with ts. Using
L˙f = HLf − 1. (340)
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Substituting (339) into (330) yields
w = −1
3
− 2
3c
√
Ωf − α. (341)
Then we can calculate the deceleration parameter
q = − a¨
aH2
=
1
2
+
3
2
wΩf =
1
2
− (1 + 3α)Ωf − 1
c
Ω
3
2
f . (342)
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Fig. 8. Evolution of the deceleration parameter q with a fixed parameter c. In this plot, we take
c = 1, Ωf0 = 0.73, and take α as 0, 0.02, 0.06, and 0.10, respectively.
196
In order to see how interaction acts on the evolution of the Universe, dependences
of the deceleration parameter q on z at various values of the interaction parameter
α are shown in Fig. 8 . In Fig. 1, we fix c = 1 and take the coupling constant α
as 0, 0.02, 0.06, and 0.10. Furthermore, cases with a fixed α and various values
of c are also interesting. In Fig. 9, fixing the coupling constant as α = 0.10, we
plotted the evolution diagram of the deceleration parameter q with different values
of c (here we take the values of c as 0.9, 1.0, and 1.1). From Figs. 8 and 9 we find
that the Universe underwent early deceleration and late-time acceleration. Fig. 8
displays that, for a constant parameter c, the cosmic acceleration starts earlier for
the cases with interaction than the ones without coupling (formerly, it was discussed
by Amendola in194). Furthermore, the stronger the coupling and dark energy and
dark matter, the earlier the start of accelerated expansion. Nevertheless, cases with
smaller coupling lead to bigger acceleration in the distant future. In addition, Fig.9
shows that the acceleration starts earlier when c is larger for the same coupling α,
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Fig. 9. Evolution of the deceleration parameter q with a fixed coupling α. In this plot, we take
α = 0.10, Ωf0 = 0.73, and take c as 0.9, 1.0 and 1.1, respectively.
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but a smaller c will eventually result in greater acceleration. It should be indicated
that, in the interacting holographic dark energy model, the interaction intensity has
an upper limit because of the evolutionary behavior of the holographic dark energy,
more specifically, its tracking of dark matter. For more explicit discussions about
the relationship of the coupling α and the parameter c, see.200 It is of note that,
in the presence of interaction between dark energy and dark matter, the case of
c = 1 cannot create a de Sitter phase in the infinite future. In a word, the effect
that the interaction between dark energy and dark matter has on the evolution of
the Universe is evident, as demonstrated by Figs. 8 and 9.
8.3. Interacting Holographic Ricci dark energy
The present subsection concentrates on the holographic Ricci dark energy (RDE)
model. In this model, the IR cutoff length scale L takes the form of the absolute
value of the Ricci scalar curvature |R|−1/2. Therefore, in this instance, the density
of the holographic dark energy is ρR ∝ R.
The energy density of dark energy in the IRDE model is defined as211
ρR = 3αM
2
p
(
H˙ + 2H2 +
k
a2
)
, (343)
where α is a dimensionless parameter. Note that ρR is proportional to the Ricci
scalar curvature
R = −6
(
H˙ + 2H2 +
k
a2
)
. (344)
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This subsection, for the sake of completeness, and in order to follow the article,208
will also considered relativistic matter to be one of the components of the Universe.
The time evolution of the scale factor a(t) is described by the Friedmann equa-
tion
H2 =
1
3M2p
(ρR + ρm + ργ + ρk), (345)
where ρR , ρm, ργ and ρk represent the energy densities of dark energy, matter, ra-
diation and curvature, respectively.
The interaction rate is given by
Q = γHρR , (346)
where γ is a dimensionless parameter. The energy density of radiation is given
by ργ = ργ0a
−4, where ργ0 is the present value of radiation density. We adopt the
convention that a(t0) = 1 for the present age of the Universe t0 ≈ 14 Gyr. According
to eq. (316) with Q taken from eq. (346), the interaction can be relevant as long
as γρR and ρm are comparable, whether or not the Universe is in the radiation-
dominated epoch.
Combined with eqs. (343) and (316), the Friedmann equation (487) is written
as
α
2
d2H2
dx2
−
(
1− 7α
2
− αγ
2
)
dH2
dx
− (3− 6α− 2αγ)H2
− ργ0
3M2p
e−4x − {1− α(1 + γ)}ke−2x = 0, (347)
where x = ln a. The solution to eq. (347) is obtained as
H2
H20
= A+e
σ+x +A−eσ−x +Aγe−4x +Ake−2x, (348)
where
σ± =
2− 7α− αγ ±
√
(2− α)2 − 2α(α + 2)γ + α2γ2
2α
, (349)
Ωγ0 = ργ0/ρc0, Ωk0 = −k/H20 and ρc0 = 3M2pH20 . Note that σ± can be imaginary
for sufficiently large α and γ. This implies that there is a parameter region where
H2 has oscillatory behavior. However, this region is not phenomenologically viable.
The constants Ωγ0 and Ωk0 are the present value of Ωγ and Ωk, respectively. The
constants Aγ , Ak and A± are given by
Aγ = Ωγ0, (350)
Ak = Ωk0, (351)
A± = ±α(σ∓ + 3)Ωk0 + 2ΩΛ0 − α(1 − Ωγ0)(σ∓ + 4)
α(σ+ − σ−) . (352)
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In the absence of interaction (γ = 0), eq. (348), the result is reduced to the one
obtained in the article.211 In this case, the constants in eq. (349) are σ+ = −4+2/α
and σ− = −3.
Replacing eq. (348) to eq. (343), the Ricci dark energy density is given by
ρR = ρc0
∑
i=+,−
α
(σi
2
+ 2
)
Aie
σix. (353)
Moreover , the matter density is
ρm = ρc0
∑
i=+,−
{
1− α
(σi
2
+ 2
)}
Aie
σix. (354)
The equation of state of dark energy can be found by substituting eq. (353) into
the following expression:
wR = −1−
1
3
(
γ +
1
ρR
dρR
dx
)
. (355)
In eqs. (353) and (354), the term proportional to eσ−x is dominant in the past(
a ≪ 1), while the term proportional to eσ+x is dominant in the future (a ≫ 1). As
an illustration, let us consider the case α = 0.45 and γ = 0.15, which corresponds
to σ+ ≈ 0.25 and σ− ≈ −3.0. In the past (a≪ 1), the ratio of eq. (354) to eq. (353)
is ρm/ρR ≈ α−1(2 + σ−/2)−1 − 1 ≈ 3.4, while ρm/ρR ≈ α−1(2 + σ+/2)−1 − 1 ≈
0.045 in the future (a ≫ 1).
Note that the evolution of both ρR and ρm is not characteristic of these types
of dark energy, and is actually caused by interaction. This leads to a constant
ratio of ρR to ρm, and it may help in resolving the coincidence problem. As shown
in Ref.,211 the coincidence problem is less of an issue in the original RDE model
without interaction between dark matter and dark energy where ρR and ρm were
comparable with each other in the past Universe. Due to this, ρR starts to increase
at low redshifts, and the ratio ρR/ρm rapidly grows in the future, since ρm ∼ e−3x
in the absence of interaction. On the other hand, in the IRDE model, the behavior
in the past is similar to that in the original RDE model, but the ratio ρR/ρm is
constant even in the future.208
8.3.1. Exact solutions for various linear interactions between Ricci DE and
DM
In,209 the author considered a model with cold dark matter coupled to a modified
holographic Ricci dark energy by means of a general interaction term linear in the
energy densities of dark matter and dark energy, the total energy density and its
derivative. This parameterization is valuable because it lets us obtain analytical
solutions of systems of cosmological equations of motion.
In a FLRW background, the Einstein equation for a model of cold dark matter
of the energy density ρc and modified holographic Ricci dark energy of the energy
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density ρx =
(
2H˙ + 3αH2
)
/∆, reads
3H2 = ρ = ρc + ρx, (356)
where α and β are constants and ∆ = α− β.
In terms of the variable η = 3 ln(a/a0), the compatibility between the global
conservation equation
ρ′ = dρ/dη = −ρc − (1 + ωx)ρx, (357)
and the equation deduced from the expression of the modified holographic Ricci
dark energy
ρ′ = −αρc − βρx, (358)
namely, (ρc + γxρx) = (αρc + βρx), gives a relation between the EoS parameter of
the dark energy component ωx = γx − 1 and the ratio r = ρc/ρx
ωx = (α− 1)r + β − 1. (359)
Solving the system of equations (356) and (358), we get ρc and ρx in terms of ρ and
ρ′:
ρc = −(βρ+ ρ′)/∆, ρx = (αρ+ ρ′)/∆. (360)
The interaction between the dark components is introduced through the term Q
by means of splitting the Eq.(358) into ρ′c + αρc = −Q and ρ′x + βρx = Q. Then,
differentiating ρc or ρx in (360) and using the expression of Q, we obtain a second
order differential equation for the total energy density ρ210
ρ′′ + (α+ β)ρ′ + αβρ = Q∆. (361)
For a given interaction Q, solving Eq. (361) gives us the total energy density ρ and
the energy densities ρc and ρx after using Eq. (360). The general linear interaction
Q,210 linear in ρc, ρx, ρ, and ρ
′, can be written as
Q = c1
(γs − α)(γs − β)
∆
ρ+ c2(γs − α)ρc (362)
−c3(γs − β)ρx − c4 (γs − α)(γs − β)
γs∆
ρ′,
where γs is constant and the coefficients ci fulfill the condition c1+c2+c3+c4 = 1.
210
Now, using Eqs. (360), we rewrite the interaction (362) as a linear combination of
ρ and ρ′,
Q =
uρ+ γ−1s [u− (γs − α)(γs − β)]ρ′
∆
, (363)
where u = c1(γs − α)(γs − β)− c2β(γs − α)− c3α(γs − β). Placing the interaction
(363) into the source equation (361), we obtain
ρ′′ + (γs + γ+)ρ′ + γsγ+ρ = 0. (364)
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where the roots of the characteristic polynomial associated with the second order
linear differential equation (364) are γs and γ
+ = (βα − u)/γs. In what follows,
we adopt γ+ = 1 in order to mimic the dust-like behavior of the Universe at early
times. In that case, the general solution of (364) is ρ = b1a
−3γs+ b2a−3, from which
we obtain
ρc =
(γs − β)b1a−3γs + (1− β)b2a−3
∆
, (365a)
ρx =
(α− γs)b1a−3γs + (α− 1)b2a−3
∆
. (365b)
Interestingly, Eqs. (365) tell us that the interaction (363) seems to be a good candi-
date for alleviating the cosmic coincidence problem, since the ratio Ωc/Ωx becomes
bounded for all times.
8.3.2. DM and Ricci-like holographic DE coupled through a quadratic
interaction
Now we consider cosmological models where the interaction Q between the dark
components is nonlinear and includes a set of terms which are homogeneous of
degree 1 in the total energy density and its first derivative,87
Q =
(αβ − 1)
∆γ
ρ+
(α+ β − ν − 2)
∆γ
ρ′ − νρ
′2
ρ∆γ
, (366)
where ν is a positive constant that parameterizes the interaction term Q. Putting
(366) into (361) turns it into a nonlinear second order differential equation for the
energy density: ρρ′′ + (2 + ν)ρρ′ + νρ′2 + ρ2 = 0. Introducing the new variable y =
ρ(1+ν) into the latter equation, one gets a second order linear differential equation,
y′′ + (2 + ν)y′ + (1 + ν)y = 0, whose solutions allow us to write the energy density
as
ρ =
[
ρ10a
−3 + ρ20a−3(1+ν)
]1/(1+ν)
(367)
where ρ10 and ρ20 are positive constants. Using Eqs. (365)-(367), as well as the fact
that p = −ρ− ρ′, we find both dark energy densities and the total pressure:
ρc =
−ρ
α− β
[
β − 1 + ν
(1 + ν)(1 + ρ20a−3ν/ρ10)
]
, (368)
ρx =
ρ
α− β
[
α− 1 + ν
(1 + ν)(1 + ρ20a−3ν/ρ10)
]
, (369)
p = − νρ10
1 + ν
a−3
ρν
. (370)
From these equations we see that an initial model of interacting dark matter and
dark energy can be associated with an effective one-fluid description of an unified
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cosmological scenario where the effective one-fluid, with energy density ρ = ρc+ ρx
and pressure (370), obeys the equation of state of a relaxed Chaplygin gas p = bρ+
f(a)/ρν , where b is a constant.87 The effective barotropic index ω = p/ρ = ωxρx/ρ
reads
ω = − νρ10
(1 + ν)(ρ10 + ρ20a−3ν)
. (371)
At early times and for ν > 0, the effective energy density behaves as ρ ≈ a−3, the
effective barotropic index behaves as (371) γ ≈ 1 and the effective fluid describes
a Universe dominated by nearly pressureless dark matter. However, a late time
accelerated Universe (ω < −1/3) that has positive dark energy densities requires
that ν > 1/2, β < 1 and α > 1. From now on we adopt the latter restrictions.
8.4. Interacting agegraphic dark energy models
From the first days of quantum mechanics, the concept of measurements [real and
thought (gedankenexperiment)] has played a fundamental role in our understanding
of physical reality. GR asserts that the laws of classical physics can be verified
with unlimited accuracy. The relation revealed above between the macroscopic (IR)
and microscopic scales dictates the necessity of a more profound analysis of the
measurement process. The uncertainty relation, together with GR, produces the
fundamental space time scalethe Planck length Lp ∼ 10−33 cm. The existence of a
fundamental length influences the process of measurement in a critical manner.215
We assume that a fundamental length Lf exists. Because the space time coordinate
system must be physically reasonable, it has to be attached to physical bodies.
Therefore, postulating the fundamental length is equivalent to imposing restrictions
on the realizability of precise coordinate systems. In terms of experiments with
light signals, this means, for example, that the time required for a light signal to
travel from body A to body and back, measured by clocks in the system of A, is
subject to uncontrollable fluctuations. Fluctuations in experiments with light signals
should be considered indications of fluctuations of the metric, i.e., the gravitational
field. Therefore, postulating the existence of a fundamental length is equivalent to
postulating fluctuations of the gravitational field.
A direct consequence of the existence of quantum fluctuations of the met-
ric212–214, 216 is the following conclusion, related to the problem of measuring dis-
tances in Minkowski space: the distance t (we recall that we use the system in
which c = ~ = 1, whence Lp = tp = M
−1
p ) cannot be measured with an accuracy
exceeding220
δt = βt2/3p t
1/3, (372)
where β is a coefficient of the order of unity. Following,221 we can consider the result
(372) to be a relation between the UV and IR scales in the framework of the effective
quantum field theory satisfying the entropic peculiarities of black holes. Indeed,
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rewriting the relation (314) in terms of length and performing the substitution
Λ→ δt, we reproduce (372), but in the holographic interpretation.
The relation (372), together with the quantum mechanical energy-time uncer-
tainty relation, allows us to estimate the energy density of quantum fluctuations
of the Minkowski space time. In accordance with (372), we can regard a region of
volume t3 as composed of cells of volume δt3 ∼ t2pt. Consequently, each such cell
represents a minimally detectable unit of space time for the scale t. If the age of
the region chosen is t, its existence, in accordance with the time-energy uncertainty
principle, cannot be realized with an energy less than ∼ t−1. We thus arrive at the
conclusion: if the lifetime (age) of a certain spatial region of the linear size t is equal
to t, there exists a minimal cell with the volume δt3, whose energy cannot be less
than
Eδt3 ∼ t−1. (373)
It immediately follows from (372) and (373) that in accordance with the energy
time uncertainty principle, the energy density of metric (quantum!) fluctuations in
Minkowski space is212, 214, 216
ρq ∼ Eδt3
δt3
∼ 1
t2pt
2
. (374)
It is essential that the dynamic behavior of the density of metric fluctuations (374)
coincides with that of the holographic DE introduced in (314) and (315), although
the derivations of these expressions are based on absolutely different physical prin-
ciples. The holographic DE density was obtained from entropic constraints (the
holographic principle), while the energy density of metric fluctuations in Minkowski
space is only related to their quantum nature, namely, to the uncertainty principle.
The relation (374) allows us to introduce an alternative model of holographic
DE,216 in which the age of the Universe T is used as the IR scale. In such a model,
ρq =
3n2M2p
T 2
. (375)
where n is a free parameter of the model, and the numerical coefficient was intro-
duced for convenience. The age of the Universe T, involved in (375), is related to
the scale factor as
T =
∫ a
0
da′
Ha′
. (376)
It is convenient to introduce the fractional energy densities Ωi ≡ ρi/(3M2pH2) for
i = m and q. From Eq. (375), it is easy to find that
Ωq =
n2
H2T 2
. (377)
Although agegraphic dark energy (ADE) is the quantum fluctuation of space-
time, it might decay into matter, similar to the SCM model in which the vacuum
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fluctuations can decay into matter. This effect could be described by the interaction
term Q phenomenologically. From Eq. (377), we get
Ω′q = Ωq
(
−2 H˙
H2
− 2
n
√
Ωq
)
. (378)
Differentiating Eq. (377) it is easy to find that
− H˙
H2
=
3
2
(1− Ωq) + Ω
3/2
q
n
− Q
6M2pH
3
. (379)
Therefore, we obtain the equation of motion for Ωq,
Ω′q = Ωq
[
(1− Ωq)
(
3− 2
n
√
Ωq
)
− Q
3M2pH
3
]
, (380)
where
Q
3M2pH
3
=

3αΩq for Q = 3αHρq
3β (1− Ωq) for Q = 3βHρm
3γ for Q = 3γHρtot
. (381)
From (376) and (377), we get the EoS of the ADE, namely
wq = −1 + 2
3n
√
Ωq − Q
3Hρq
, (382)
where
Q
3Hρq
=

α for Q = 3αHρq
β
(
Ω−1q − 1
)
for Q = 3βHρm
γ Ω−1q for Q = 3γHρtot
. (383)
Using Eq. (379), the deceleration parameter is given by
q ≡ − a¨a
a˙2
= −1− H˙
H2
=
1
2
− 3
2
Ωq +
Ω
3/2
q
n
− Q
6M2pH
3
. (384)
The total EoS wtot ≡ ptot/ρtot = Ωqwq, where wq is given in Eq. (382). On the other
hand, the Friedmann and Raychaudhuri equation, wtot = −1− 23 H˙H2 = −1/3+2q/3.
As mentioned above, in the case of Q = 0, n > 1 is necessary to drive the (present)
accelerated expansion of our Universe. In the case of Q 6= 0, the situation is changed.
For example, if Q = 3αHρq, to drive the accelerated expansion of our Universe, we
should have wtot = Ωqwq < −1/3, which means that n > 2Ω3/2q [3(1 + α)Ωq − 1]−1.
It is easy to see that the minimum of the right hand side of this inequality is
(1+α)−3/2 at Ωq = (1+α)−1, if Ωq > [3(1+α)]−1 (nb. Ωq ≃ 0.7 today). For α > 0,
this minimum (1 + α)−3/2 is smaller than 1.
When obtaining the dependencies Ωq, wq, q and wtot,
218 shows some numeri-
cal plots by using Eqs. (380)—(384) and wtot = Ωqwq. However, for the sake of
brevity, we do not present plots for all forms of interaction Q. In what follows, we
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mainly focus on the case of Q = 3αHρq as an example. Note that in the numerical
integration of Eq. (380) we use the initial condition Ωq0 = 0.7 for demonstration.
Fig.10 shows the evolution of Ωq for different model parameters n and α in the
case of Q = 3αHρq. It is easy to see that
218 for a fixed α, which describes the
interaction between the agegraphic dark energy and the pressureless (dark) matter,
the agegraphic dark energy starts to be effective earlier and Ωq tends to a lower value
at the late time when n is smaller. On the other hand, for a fixed n, the agegraphic
dark energy starts to be effective earlier and Ωq tends to a lower value at the late
time when α is larger.218 Interestingly enough, these behaviors are exactly opposite
to the ones found in the interacting holographic dark energy model.
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Fig. 10. Evolution of Ωq for various model parameters n and α in the case of Q = 3αHρq .218
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Fig. 11. Evolution of wq for various model parameters n and α in the case of Q = 3αHρq .218
Fig. 11 shows218 the evolution of wq for different n and α in the case of Q =
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3αHρq. It is easy to see that the EoS of the ADE wq can cross the phantom divide
wde = −1. In the case of Q = 0 (i.e. without interaction), as mentioned above, wq
is always larger than −1 and cannot cross the phantom divide. With the help of
interaction between the ADE and the pressureless matter, the situation is changed.
From Eq. (382), along with the first line of Eq. (383), it is easy to understand that
wq converges to the value −1− α at the early time in the case of Q = 3αHρq. The
most interesting observation from Fig. 11 is that wq crosses the phantom divide
from wq < −1 to wq > −1. In the cases of negative α, β and γ, from Eq. (382)
along with Eq. (383), one can see that wq is always larger than −1 and cannot cross
the phantom divide. Obviously, the cases of positive α, β and γ are more interesting
since the wq can cross the phantom divide from wq < −1 to wq > −1.
9. Impact of interaction on cosmological dynamics
9.1. Transition from decelerated to accelerated expansion through
interaction
In SCM, the transition from decelerated to accelerated expansion is related to the
increase of the relative density of the cosmological constant. During analysis of
interaction in the dark sector, we ask ourselves an obvious question: can we build
a viable cosmological model in which this transition is the result of interaction
in the dark sector91, 92? The question appears to be a valid one, since interaction
regulates the relative densities of the accelerating (DE) and decelerating (matter)
components.
We assume the dark components interact with each other according to
ρ˙dm + 3Hρdm =
f˙
f ρdm,
ρ˙de + 3H (1 + w) ρde = − f˙f ρdm, (385)
where the interaction is described by a time dependent function f(t). Lets write the
Friedmann equations in the form
3H2 = 8πGρ,
H˙
H2 = − 32
(
1 + pρ
) , (386)
where ρ = ρdm + ρde, p = pde. The matter energy density behaves as
ρdm = ρdm,0
(a0
a
)3 f
f0
(387)
Because the total energy has to be conserved, the dark energy density, therefore,
behaves according to
ρ˙de + 3H (1 + weff ) ρde = 0, weff ≡ w + f˙
3Hf
r (388)
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where r = ρdm/ρde . In case of r = const, we find that
weff = − f˙
3Hf
, w = (1 + r)weff . (389)
Under this condition, the total equation of state is
p
ρ
=
pde
ρde + ρdm
=
w
1 + r
= weff . (390)
From the last equation (386), the deceleration parameter q = −1− H˙H2 is
q =
1
2
(
3p
ρ
+ 1
)
(391)
Using 389,390, we obtain
q =
1
2
(
1− f˙
Hf
)
(392)
The sign of q is defined by the ratio f˙Hf . For
f˙
Hf < 1 we have q > 0, i.e., decelerated
expansion. For f˙f > 1 we have q < 0 - accelerated expansion. If, in particular, f is
such that the ratio f˙f changes from
f˙
f < 1 to
f˙
f > 1, this corresponds to a transition
from decelerated to accelerated expansion under the condition of a constant energy
density ratio r . Consequently, this transition occurs solely due to interaction.
The analysed case of r = const exotic, and clearly contradicts SCM, where
r ∝ a−3. But, as we saw, it is exactly this dependence that is found in the context
of holographic dark energy models. This relation has the attractive feature that, by
identifying the infrared cutoff length with the present Hubble scale, the correspond-
ing ultraviolet cutoff energy density turns out to be of the order of the observed
value of the cosmological constant parameter. However, the choice of infrared cut-
off length is not consistent with the accelerated expansion of the Universe. As we
see, this clear contradiction can become a positive feature91 if we take into account
interaction in the dark sector.
9.2. Interacting models as solutions to the cosmic coincidence
problem
For constant wde, the energy density of DE scales as ρde ∝ a−3(1+wde). Observations
constrain wde to be very close to −1. Thus, the DE density varies relatively slowly
with the scale factor. The matter density, in contrast, scales as ρdm ∝ a−3. This
leads to the ”well-known coincidence problem”: while the matter and DE densities
today are nearly within a factor of two of each other, at early times ρdm ≫ ρde,
and in the far future we expect ρde ≫ ρdm. It would appear, then, that we live in
a very special time. Now, the question is: why is it happening now? Is it a mere
coincidence, or is there some deep underlying reason behind it? For the sake of
viability, any cosmological model should give an answer to this question. Models
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attempting to solve the coincidence problem must take into account interactions
between components. Attempts to resolve the coincidence problem as a consequence
of interaction between the matter sector and DE have a rich history.94–97
Let’s analyse the main approaches we can take to resolving the coincidence
problem in models with interaction in the dark sector. The key idea is exceedingly
simple.94 A numeric ratio of the ”coincidence” is the ratio r ≡ ρdm/ρde. As we saw
in Section 3, if we assume that r ∝ a−ξ, then it can be shown that ξ is related
directly to the interaction between the dark components - Q (see equations (28)).
In SCM ξ = 3. Therefore, for any value ξ < 3 the coincidence problem is less severe
than for the SCM model. Let’s stop and think about that statement. Using the first
Friedmann equation for a spatially flat Universe, and the conservation equation, we
obtain (8πG = 1)
r˙ = 3Hr
[
wde +
Q
9H3
(r + 1)
2
r
]
. (393)
For Q > 0 (i.e., when energy transfers from DE to DM) the ratio r evolves more
slowly than in the SCM model. This certainly alleviates the coincidence problem.
Using
r˙ = H˙
dr
dH
, H˙ = −1
2
(ρdm + ρde + pde) = −3
2
1 + wde + r
1 + r
H2. (394)
Let’s write (393) as
dr
dH
=
I
H
, I ≡ −2r 1 + r
1 + wde + r
[
wde +
Q
9H3
(r + 1)
2
r
]
(395)
The eq.(395) can be integrated whenever an expression for the interactionQ in terms
of H and r is given. The three following linear coupling models were considered
Q = 3αH (ρdm + ρde) , Q = 3βHρdm, Q = 3γHρde, (396)
where the phenomenological parameters α , β , and η are dimensionless, positive
constants. Consider, as an example, the first model. This model fits very well with
data from SN Ia, CMB, and large scale structure formation provided that α <
2.3× 10−3.51 The remarkable property of this model54 is that the ratio r tends to
a stationary but unstable value at early times, r+s , and to a stationary and stable
value, r−s (an attractor), at late times. Consequently, as the Universe expands, r (a)
smoothly evolves from r+s to the attractor solution r
−
s .
We determine the critical points of Eq. (393) by setting r˙ to zero. For w = const
the stationary solutions of the resulting quadratic equation are:
r±s = −1 + 2b± 2
√
b(b− 1) , b = − w
4α
> 1. (397)
Using the standard analysis methods of critical points, the stationary solution r+s
proves to be unstable while r−s is stable.
?,? The general solution of Eq. (394)
r(x) =
r−s + xr
+
s
1 + x
, (398)
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interpolates between r+s and r
−
s . Here, x = (a/a∗)
−µ, with µ ≡ 12α
√
b(b− 1), and
a∗ denotes the scale factor at which r takes the arithmetic medium value (r+s +r
−
s )/2.
In the range r−s < r < r
+
s the function r(x) decreases monotonously. Consequently,
as the Universe expands, r(x) smoothly evolves from r+s to the attractor solution
r−s . The evolution from one asymptotic solution to the other is illustrated on the
graphs - see Figs. 12.
Fig. 12. The evolution of the ratio54 r = ρdm/ρde with redshift for models alpha, beta, and eta.
For all of them r either tends to a constant or varies very slowly at small redshift. The initial
conditions are r0 = 3/7 and w = −0.9.
9.3. The problem of transient acceleration
Unlike fundamental theories, physical models only reflect the current state of our
understanding of a process or phenomenon for the description of which they were
developed. The efficiency of a model is to a significant extent determined by its flex-
ibility, i.e., its ability to update when new information appears. Precisely for this
reason, the evolution of any broadly applied model is accompanied by numerous
generalizations aimed at resolving conceptual problems, as well as a description of
the ever increasing number of observations. In the case of the SCM, these generaliza-
tions can be divided into two main classes. The first is composed of generalizations
that replace the cosmological constant with more complicated dynamic forms of DE,
for which the possibility of their interaction with DM must be taken into account.
Generalizations pertaining to the second class are of a more radical character. The
ultimate goal of these generalizations (explicit or latent) consists in the complete
renunciation of dark components by means of modifying Einstein’s equations. The
generalizations of both the first and second classes can be demonstrated by means
of a phenomenon that has been termed “transient acceleration”.
A characteristic feature of the dependency of the deceleration parameter q on
the redshift z in the SCM is that it monotonically tends to its limit value q(z) = 1
as z → 1. Physically, this means that when DE became the dominant component
(at z ∼ 1), the Universe in the SCM was doomed to experience eternal accelerating
expansion. In what follows, we consider several cosmological models that involve
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dynamic forms of DE that lead to transition acceleration, and we also discuss what
the observational data says about the modern rate of expansion of the Universe.
Barrow222 was among the first to indicate that transient acceleration is possible
in principle. He showed that within quite sound scenarios that explain the current
accelerated expansion of the Universe, the possibility was not excluded of a return
to the era of domination of nonrelativistic matter and, consequently, to decelerating
expansion. Therefore, the transition to accelerating expansion does not necessarily
mean eternal accelerating expansion. Moreover, in Barrows article, it was shown to
be neither the only possible nor the most probable course of events.
9.3.1. Observational evidence
Based on independent observational data, including SNe-Ia brilliance curves, sig-
natures of baryon acoustic oscillations (BAO) in the galaxy distribution and fluc-
tuations in the cosmic microwave background (CMB), it was shown in223 that the
acceleration with which the Universe expands has reached its maximum value and is
decreasing at present (Fig. 13). In terms of the deceleration parameter, this means
that this parameter has reached its minimum value and is increasing at present.
Hence, the main result of the analysis in Ref.223 is that the SCM is not the only
explanation of observational data (although it is the simplest), and the accelerated
expansion of the Universe in which DE presently dominates is merely a transition
phenomenon. We note that it is also shown in Ref.223 that using the Chevallier-
Polarski-Linder (CPL) parameterization,
w(z) = w0 +
wa z
1 + z
, (399)
for the equation of state parameterdoes not allow us to unambiguously combine data
obtained from observations of close supernovae, such as SNe-Ia, and of the CMB
anisotropy. A possible way to resolve this contradiction is to renounce this param-
eterization and adopt a different one. In Ref.,223 a parameterization was proposed
that is capable of uniting these arrays of data:
w(z) = −1 + tanh [(z − zt)∆]
2
. (400)
In this approximation, w = 1 at the early stages of the evolution of the Universe,
and w increases to its maximum value w ∼ 0, at small z. Figure 13 shows the
dependence of the deceleration parameter q restored using the parameterization
(400).
In 2010, in the framework of the Supernova Cosmology Project (SCP), the most
recent array of data on bursts of supernovae was published,226 which includes 557
events, making it the largest present-day body of data in this field. Moreover, the
array of data on supernovae with small red shifts (z < 0.3) has been significantly
enlarged.
At present, there are already several studies227, 228 in which these observations
are analyzed in order to check the hypothesis of transient acceleration. All the
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Fig. 13. The cosmological deceleration parameter q(z), reconstructed using a combination of SN
Ia, BAO and CMB data and the ansatz (400). The solid red lines show the best fit reconstructed
results, while the dashed green lines show reconstructed results within 1σ CL223 .
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Fig. 14. The left panel represents the results reconstructed from Union2+BAO, and show the
evolutionary behaviors of q(z) at the 68.3% confidence level. The gray regions and the regions
between the two long dashed lines show the results without and with the systematic errors in the
SNIa, respectively. The right panel represents the 68.3% and 95% confidence level regions for w0
versus w1 in the CPL parameterization, w = w0+w1z/(1+z). In the right panel, the system error
in the SNIa is considered. The dashed, solid and thick solid lines represent the results obtained
from Union2S, Union2S+BAO and Union2S+BAO+CMB, respectively. The point at w0 = −1,
w1 = 0 represents the spatially flat ΛCDM model.228
authors agree that the final answer can only be given by repeated, more precise
observations. Moreover, it seems that in order to obtain consistent results, the entire
technique of data handling has to be corrected. For example, as shown in227, 228 (Fig.
14), there are contradictions between the data obtained from observations of SNe-Ia
and BAO at small red shifts and CMB observations at large z. The contradiction
consists in the fact that the analysis of two separate series of data yields opposite
results. For example, when only the SNe-Ia and BAO data are used, the probability
that the acceleration rate of the expansion of the Universe has already reached
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its maximum at z ∼ 0.3, and is at present starting to decrease turns out to be
quite high. However, if these data are supplemented with the CMB observations,
the results of the analysis change substantially and no deviations from the ΛCDM
model are revealed.
Therefore, the restoration of the DE evolutionary dependence and the answer
to the question of whether the expansion of our Universe will decelerate or if the
accelerating expansion will go on forever (as in the SCM) depends strongly on the
data obtained from observations of SNE-Ia, their quality, the technique used in the
reconstruction of the cosmological parameters (such as q(z), w(z) and ΩDE), and
the actual parameterization of the dark energy equation of state. For a detailed
answer to this question, we must wait for more precise observational data, and find
methods of their analysis that are less model-dependent.
9.3.2. Decaying cosmological constant and transient acceleration
As a simple example of transient acceleration, we consider a model with a decaying
cosmological constant:
ρ˙m + 3
a˙
a
ρm = −ρ˙Λ , (401)
where ρm and ρΛ are the densities of the DM energy and of the cosmological constant
Λ. At the early stages of the expansion of the Universe, when ρΛ is quite small, such
a decay does not influence cosmological evolution in any way. At later stages, as the
DE contribution increases, its decay has an ever increasing effect on the standard
dependence of the DM energy density ρm ∝ a−3 on the scale factor a. We consider
the deviation to be described by a function of the scale factor - ǫ(a).
ρm = ρm,0a
−3+ǫ(a) , (402)
where a0 = 1 in the present epoch. Other fields of matter (radiation, baryons) evolve
independently and are conserved. Hence, the DE density has the form
ρΛ = ρm0
∫ 1
a
ǫ(a˜) + a˜ǫ′ ln(a˜)
a˜4−ǫ(a)
da˜+X , (403)
where the prime denotes the derivative with respect to the scale factor, and X is the
integration constant. If radiation is neglected, the first Friedmann equation takes
the form
H = H0
[
Ωb,0a
−3 +Ωm0ϕ(a) + ΩX,0
]1/2
, (404)
The function ϕ(a) is then written as
ϕ(a) = a−3+ǫ(a) +
∫ 1
a
ǫ(a˜) + a˜ǫ′ ln(a˜)
a˜4−ǫ(a)
da˜ , (405)
where ΩX,0, is the relative contribution of the constant X to the common relative
density. To proceed, it is necessary to make some assumptions concerning the con-
crete form of ǫ(a). Here, we follow the original work,231 and consider the simplest
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case
ǫ(a) = ǫ0a
ξ = ǫ0(1 + z)
−ξ, (406)
where ǫ0 and ξ can take both positive and negative values. It follows from the
expression (403) that
ρΛ = ρm0ǫ0
∫ 1
a
[1 + ln(a˜ξ)]
a˜4−ξ−ǫ0a˜ξ
da˜+X . (407)
We note that the case ǫ0 = 0 corresponds to the SCM, i.e., X ≡ ρΛ. Using the
formulas presented above, it is not difficult to also obtain the dependences for the
relative densities Ωb(a), Ωm(a) and ΩΛ(a):
Ωb(a) =
a−3
A+ a−3 +B−1ϕ(a)
, (408a)
Ωm(a) =
a−3+ǫ(a)
D+ Ba−3 + ϕ(a)
, (408b)
ΩΛ(a) =
D + ϕ(a)− a−3+ǫ(a)
D+ Ba−3 + ϕ(a)
, (408c)
where A = ΩX,0/Ωb,0, B = Ωb,0/Ωm0 and D = ΩX,0/Ωm0.
Within this simple model, it is practically possible to obtain any dynamics of
the Universe with the aid of an appropriate choice of the parameters ǫ0 and ξ. In
the context of this paper, the case of immediate interest is where ǫ0 > 0 and ξ takes
on large positive values (ξ & 0.8). The solid curve in Fig. 15 shows the dependence
of the deceleration parameter for ξ = 1.0 and ǫ0 = 0.1. We note that at present,
for these parameters, when a ∼ 1, the expansion of the Universe is accelerating,
but the dominance of DE is not eternal, unlike in the case of the SCM, and when
a ≫ 1 , the Universe will enter a new era of dominance of nonrelativistic matter.
Such a form of dynamic behavior is unusual for most models with Λ(t) or models
with interacting quintessence discussed in literature, but it is characteristic of the
so-called thawing233 and hybrid234 potentials that follow from string theory or M-
theory235 (also see236).
To better represent the phenomenon of transient acceleration, we find the explicit
form of the deceleration parameter q = −aa¨/a˙2, in this model:
q(a) =
3
2
Ωb,0a
−3 +Ωm0aǫ(a)−3
Ωb,0a−3 +Ωm0ϕ(a) + ΩX,0
− 1, (409)
The parameter q is represented as a function of log(a) for different values of ξ and
ǫ0 in Fig. 15. We note that in the distant past (a≪ 1), the deceleration parameter
q(a) → 1/2, which corresponds to a matter-dominated Universe. However, for cer-
tain values of parameter ξ, a long (but finite, in contrast to the case of the SCM)
era of accelerated expansion sets in. In the distant future (a ≫ 1), the Universe
again returns to decelerated expansion (q > 0).
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Fig. 15. The deceleration parameter as a function of log(a) for various values of ǫ0 and ξ.231
9.3.3. Transient Acceleration in a Universe with Interacting Components
We consider a spatially flat Universe consisting of three components: DE, DM, and
baryons. The first Friedmann equation for such a Universe has the form
3M2PlH
2 = ρ
DE
+ ρm + ρb, (410)
where, as usual, ρ
DE
is the DE density, ρm is the DM energy density, ρb is the
baryon energy density. The equation of state for DE has the form p
DE
= wρ
DE
.
The conservation equation for the baryon component is
ρ˙b + 3Hρb = 0 ⇒ ρb = ρb0
(a0
a
)3
. (411)
The total density is ρ = ρm + ρb + ρDE . Without loss of generality, we assume that
the energy density ρm is expressed as
ρm = ρ˜m0
(a0
a
)3
f (a) , (412)
where ρ˜m0 and a0 are constants and f(a) is an arbitrary differentiable function of
the scale factor. From conservation equations and (412), we obtain
Q = ρm
f˙
f
= ρ˜m0
(a0
a
)3
f˙ . (413)
Let’s take230
f(a) = 1 + g(a). (414)
In the absence of interaction, f(a) = 1; therefore, the function g(a) is responsible
for interaction. Then, taking into account that
f˙ = g˙ =
dg
da
a˙, (415)
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we obtain
Q = ρ˜m0
dg
da
a˙
(a0
a
)3
. (416)
This means that
ρm = ρ˜m0 (1 + g)
(a0
a
)3
, (417)
where ρm0 = ρm(a0) if the interaction exists, and ρ˜m0 in the absence of interaction.
The two initial values of the DM density are related as
ρm0 = ρ˜m0 (1 + g0) , (418)
where g0 ≡ g(a0). As can be seen from (413) when Q > 0, DE decays into DM, dgda >
0. When dgda < 0, the decay proceeds in the opposite direction. From conservation
equations and (416) we obtain
ρ˙
DE
+ 3H (1 + w) ρ
DE
= −ρ˜m0 dg
da
a˙
(a0
a
)3
. (419)
When w = const the solution of (419) has the form
ρ
DE
= (ρm0 + ρ˜m0g0)
(a0
a
)3(1+w)
− ρ˜m0
(a0
a
)3
g + 3wρ˜m0a
3
0a
−3(1+w)
∫ a
a0
daga3w−1.
(420)
We rewrite the second Friedmann equation in terms of g(a)
a¨
a = − 16
{
ρ˜m0 (1 + g)
(
a0
a
)3
+ ρb0
(
a0
a
)3
+ (1 + 3w) ×
×
[
(ρm0 + ρ˜m0g0)
(
a0
a
)3(1+w) −ρ˜m0 (a0a )3 g + 3wρ˜m0a30a−3(1+w) ∫ aa0 daga3w−1]} .
(421)
To solve (421), it is necessary to define the function g(a).Since the nature of
DE and DM is unknown, it is impossible to indicate the form of g(a) based on first
principles; therefore, we introduce the interaction in this modelin such a way so as
to make the dynamics of the model be consistent with observational data
Consider the interaction for which the function g(a) is represented as g (a) =
an exp
(−a2/σ2), where n is a natural number and σ is a positive real number. The
existence of transient acceleration implies that the DE density starts to decrease,
i.e., its decay occurs, dgda > 0. This condition requires that n and σ satisfy the
inequality nσ2 > 2.
In Fig. 16, the dependencies of the relative densities on the scale factor are shown
for n = 7 and a = σ = 1, 5. The model results in transient acceleration for a certain
choice of the interaction parameters, but it is indistinguishable from the SCM for
large (as well as small) values of the scale factor.
For a complete picture we consider the possibility of an accelerating transient
regime within the interacting scalar field model. As mentioned above, Barrow222 first
discovered that there are many potentials of scalar fields that lead to the evolution
of the Universe with a regime of transient acceleration. We will consider the recent
article237 as an example that the regime of transient acceleration is provided by
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Fig. 16. On the right: the dependencies of the relative densities on the scale factor for n = 7 and
σ = 1.5. On the left: the dependencies of the deceleration parameter on the scale factor in the
model with interacting dark energy and dark matter q(a)(solid line) with n = 7 and σ = 1.5 in
comparison to SCM (dashed line).
the scalar field evolving in a specially chosen potential. It has been shown that, in
a Universe filled only by a scalar field φ238, 239 that evolves in the potential of the
form
V (φ) = ρφ 0[1− λ
6
(1 + α
√
σφ)2)] exp [−λ√σ(φ + α
√
σ
2
φ2)], (422)
where ρφ 0 is a constant energy density, σ = 8πG/λ, and α and λ are two di-
mensionless, positive parameters of the model, that the deceleration parameter is
non-monotonically dependent on the scale factor. In the case that is of interest to
us, parameters can take values around α, λ ∼ 1. In the limit α → 0 the potential
in Eq.(422) reduces to an exponential potential, V (φ) = V0 exp [−
√
8πGλφ], a case
that was examined in Ref.238
Recently the article237 considered a Universe filled with a scalar field φ that
interacts with dark matter ρm. After a change of variables, the Friedmann and
conservation equations take the following form:
h2 =
U(y) + x
1− 12 ( dydN )2
, (423)
d2y
dN2
− 3
2
(
dy
dN
)3 + 3
dy
dN
= (
Γ
dy
dN
+ 1.5
dy
dN
x− U ′(y))h−2, (424)
dx
dN
= −Γ− 3x, (425)
where h ≡ H/H0, N ≡ ln a(t) = − ln(1 + z), y ≡
√
8πG
3 φ, x ≡ ρm/ρc, Γ ≡ Q/Hρc,
and U(y) ≡ V (φ)/ρc. It is easily seen that all of these quantities are dimensionless.
As noted in,237 the parameter range of λ and α for transient acceleration in our
model differs from that in Refs.,238, 239 which assumed the absence of matter.
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Fig. 17 shows q(z) for the coupling model where the scalar field transfers energy
into the matter, in which the rate is taken to be proportional to the matter density,
Q ∝ −Hρm, i.e., Γ ∝ −x. The dependency on Γ is demonstrated in Fig. 17, and
larger values of Γ yield an earlier return of deceleration.
-2 0 2 4 6
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0.0
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1.0
1.5
2.0
Γ= −0.15
Γ= −0.10q
(t)
-ln(1+z)
α=0.30      λ=0.10
Fig. 17. q(t) for various values of Γ < 0. q(t) is negative within a ∼ (0.5, 5).
Fig. 18 shows the results for the coupling model in which the matter transfers
energy into the scalar field with Γ ∝ x. The dependency on the parameter λ is
demonstrated in Fig. 18, and larger values of λ yield a shorter period of transient
acceleration. It should be noted that the transient acceleration is also present in a
Universe filled with a non-interacting scalar field with the potential (422) and dark
matter. The interaction in this case makes the model more adaptable to observa-
tions, providing additional degrees of freedom.
9.3.4. Simplest model of transient acceleration
It is easy to see that the increased complexity of the interaction parameter offers
many opportunities to obtain transient acceleration, namely the replacement of the
constant of interaction with a function. We have already examined similar types
of interactions in the previous sections (see Section 3.2). Let’s now determine the
form of the interaction term Q. In the article240 a simple model was considered,
and it illustrates the possibility of a non-monotonic dependency of the deceleration
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Fig. 18. The Γ > 0 model for various λ. q(t) is negative within a ∼ (0.5, 2.7) for λ = 0.4. A
greater λ yields a shorter duration of acceleration.237
parameter on the scale factor. A simple parameterization has been considered:
Q = 3β(a)Hρde (426)
with a simple power-law ansatz for β(a), namely:
β(a) = β0a
ξ. (427)
Substituting this interaction form into Eq. (428), (429)
ρ˙dm + 3Hρdm = Q, (428)
ρ˙de + 3H(ρde + pde) = −Q, (429)
we get
ρde = ρde0 a
−3(1+w0) · exp
[
3β0(1 − aξ)
ξ
]
, (430)
where the integration constant ρde0 is value of the dark energy at present, and the
dark energy EoS parameter w ≡ pde/ρde is a constant-w0. Substituting Eq. (430)
into Eq. (429), we get the dark matter energy density,
ρdm = f(a)ρdm0, (431)
where
f(a) ≡ 1
a3
{
1− Ωde0
Ωdm0
3β0a
−3w0e
3β0
ξ
ξ
·
[
aξE 3w0
ξ
(
3β0a
ξ
ξ
)
− a3w0E 3w0
ξ
(
3β0
ξ
)]}
,
(432)
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where ρdm0 is dark matter density at present day, and En(z) =
∫∞
1
t−ne−xtdt the
usual exponential integral function. Note however that Eq. (431) is an analytical
expression, while in the corresponding expressions were left as integrals and were
calculated numerically. Obviously, in the case of non-interaction (that is, for β0 = 0),
Eq. (431) recovers the standard result ρdm = ρdm0/a
3. For the special case ξ = 0,
the energy densities of the dark sectors are
ρde = ρde0a
−3(1+w0+β0), (433)
ρdm = ρdm0a
−3
[
1 +
Ωde0
Ωdm0
β0
w0 + β0
(
1− a−3(w0+β0)
)]
. (434)
It is now easy to use the Friedmann equation to define the dimensionless Hubble
parameter, namely
E2(z) ≡ H
2
H20
= Ωb0a
−3 +Ωdm0f(a) + Ωde0 a−3(1+w0) e
3β0(1−aξ)
ξ , (435)
where Ωi ≡ κ2ρi/3H20 , and Ωi0 ≡ κ2ρi0/3H20 are the present values of the energy
density parameters. Therefore, from Eqs. (430), (431) and (435) we can straightfor-
wardly obtain the evolution of the density parameters as
Ωb(a) =
a−3
a−3 +Af(a) +B a−3(1+w0) e
3β0(1−aξ)
ξ
(436)
Ωdm(a) =
f(a)
A−1a−3 + f(a) +A−1B a−3(1+w0) e
3β0(1−aξ)
ξ
(437)
Ωde(a) =
a−3(1+w0) e
3β0(1−aξ)
ξ
B−1a−3 +AB−1f(a) + a−3(1+w0) e
3β0(1−aξ)
ξ
, (438)
where A = Ωdm0/Ωb0 and B = Ωde0/Ωb0. Finally, we can easily analytically calcu-
late the deceleration parameter
q ≡ − a¨
aH2
= −1 + 3
2
[
Ωb +Ωm + (1 + w0)Ωde
Ωb +Ωm +Ωde
]
, (439)
which leads to
q = −1 +
3
2

a−3 +Af(a) +B(1 + w0) a−3(1+w0) e
3β0(1−aξ)
ξ
a−3 +Af(a) +B a−3(1+w0) e
3β0(1−aξ)
ξ

 . (440)
For the special case ξ = 0, using Eqs. (433) and (434), we get
q =
1
2
+
w0Ωde0
w0Ωde0/(w0 + β0) + (1 − w0Ωde0/(w0 + β0))a3(w0+β0) . (441)
So for ξ = 0, when β0 > −w0 − 1/2, the cosmic acceleration is transient.
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Up to now we derived analytical expressions for the evolution of the various den-
sity parameters and the deceleration parameter,240 with only the present density
parameter values and the dark energy equation-of-state parameter as free param-
eters. It is therefore straightforwardly simple to construct their evolution graphs,
using the observational values Ωde0 ≈ 0.72, Ωdm0 ≈ 0.24, Ωb0 ≈ 0.04 , and setting
the present scale factor value to 1.
In the upper left panel of Fig. 19 we plot the evolution of the various density
parameters with β0 = −0.02, w0 = −0.9 and ξ = −0.8, corresponding to energy
transfer from dark matter to dark energy. Due to the energy transfer from dark mat-
w0 = -0.9
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Fig. 19. The results for the simplest interacting model Q = 3β0aξHρde. Upper left panel (a): The
evolution of the various density parameters for β0 = −0.02, ξ = −0.8 and w0 = −0.9. Upper right
panel (b): The evolution of the various density parameters for β0 = 0.12, ξ = 1.2 and w0 = −1.1.
Lower left panel (c): The corresponding evolution of the deceleration parameter q. Line (a) is for
the parameters β0 = −0.02, ξ = −0.8 and w0 = −0.9 and line (b) is for the parameters β0 = 0.12,
ξ = 1.2 and w0 = −1.1. Lower right panel (d): the evolution of the effective equation of state for
dark energy (lines (a) and (c)) and dark matter (lines (b) and (d)). Lines (a) and (b) are for the
parameters β0 = −0.02, ξ = −0.8 and w0 = −0.9 and lines (c) and (d) are for the parameters
β0 = 0.12, ξ = 1.2 and w0 = −1.1.240
ter to dark energy, despite the fact that the energy transfer decreases as time passes
(ξ is negative), we obtain the expected result of complete dark energy domination
in the future. This result is independent of the values of ξ and w0, and a positive ξ
would just make the dark energy domination occur earlier. In the lower left panel
of Fig. 19 we depict the corresponding evolution of the deceleration parameter. We
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can clearly see that in this scenario, the late-time cosmic acceleration is permanent.
The upper right panel of Fig. 19 depicts the evolution of the various density
parameters with β0 = 0.12, w0 = −1.1 and ξ = 1.2. It is clear that the cosmic
acceleration is transient. Because a positive β0 corresponds to energy transfer from
dark energy to dark matter and a positive ξ means increasing energy transfer as
the Universe evolves, dark matter will finally become the dominant component.
In the phantom case (w0 < −1), we find that the interaction can not only save the
Universe from a Big Rip, but can also lead to dark matter domination. Additionally,
in the lower left panel of Fig. 19 we plot the evolution of the deceleration parameter.
From these plots we can clearly see that the present acceleration of the Universe is
transient when both β0 and ξ are positive. This is a very interesting result from the
phenomenological point of view, and one of the main results of the present work.
The result of transient acceleration is quite general for interacting models in which
more and more energy transfers from dark energy to dark matter.
In the lower right panel of Fig. 19, we show the evolution of the effective equation
of state parameters weff for both dark energy and dark matter. We see that the
effective equation of state parameter of dark energy becomes positive in the future
due to the energy transfer from dark energy to dark matter in the case of transient
acceleration, while dark matter behaves like dark energy in the future due to the
energy transfer from dark matter to dark energy in the case of eternal acceleration.
10. Constraints on coupled dark energy models
10.1. Reconstruction of interacting dark energy models from
parameterizations
Interacting models, on a fundamental level, are specified by choosing a functional
form for the scalar potential and for the interaction term. However, in order to
compare to observational data it is usually more convenient to use parameteriza-
tions of the dark energy equation of state and the evolution of the dark matter
energy density. Once the relevant parameters are fitted it is important to obtain
the shape of the fundamental functions. In this section we show how to reconstruct
the scalar potential and the scalar interaction with dark matter using such param-
eterizations.98
Let us consider a spatially flat Universe composed of three perfect fluids, namely
dark energy, non-baryonic dark matter and baryons. The dark matter and baryons
are nonrelativistic pressureless fluids, and Einstein’s equations result in
H2 = 8πG3 (ρϕ + ρdm + ρb) ,
H˙ +H2 = − 4πG3 (ρϕ + ρdm + ρb + 3ρϕ)
(442)
Introducing the coupling function δ(a) between dark energy and dark matter as
δ(a) =
d lnmψ(a)
d ln a
. (443)
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(see Section 3.1) results in the following equation for the evolution of the DM energy
density ρdm
ρ˙dm + 3Hρdm − δ (a)Hρdm = 0. (444)
Conservation of baryon number and the total energy density implies that the dark
energy density should obey
ρ˙ϕ + 3H (ρϕ + pϕ) + δ(a)Hρdm = 0. (445)
Notice that the parameterization (443) implies
W (ϕ(a)) = exp
(
−
∫ 1
a
δ (a′) d ln a′
)
. (446)
normalized in such a way that W (ϕ (a = 1)) = 1. Remember that the function
W (ϕ) determines the coupling of the scalar field ϕ to fermionic dark matter. From
a lagrangian point of view this coupling is W (ϕ)m0ψ¯ψ .
Combining Eqs. (444)-(446), one obtains a modified Klein-Gordon equation for
the scalar field:
ϕ¨+ 3Hϕ˙+
(
dV
dϕ
+
ρ
(0)
dm
a3
dW
dϕ
)
= 0. (447)
One can now proceed to reconstruct the potential and the interaction for a given
parameterization of the equation of state W (a) and the interaction δ(a) . The first
step is to find the time variation of the dark matter energy density:
ρdm(a) = ρ
(0)
dma
−3 exp
(
−
∫ 1
a
δ(a′)d ln a′
)
. (448)
where ρ
(0)
dm is the non-baryonic DM energy density today. It is more useful to work
with the variable u = ln a , and one can write
ρdm(u) = ρ
(0)
dme
−3u exp
(
−
∫ 1
a
δ(u′)du′
)
. (449)
The second step is to substitute ρdm (u) into eq. (445), which in terms of u reads:
ρ′ϕ (u) + 3 (1 + wϕ(u)) ρϕ(u) + δ(u)ρdm(u) = 0. (450)
where ′ = d/du, and find a solution ρϕ(u) with the initial condition ρϕ (u = 0) =
ρ
(0)
ϕ , with ρ
(0)
ϕ being the dark energy density today.
In the third step, one constructs the Hubble parameter:
H2 (u)
H20
= Ωbe
−3u +Ωdme−3u exp
(
−
∫ 0
u
δ (u′) du′
)
+Ωϕf (u) . (451)
where ΩX = ρ
(0)
X /ρ
(0)
c , the critical density today is ρ
(0)
c = 3H20/8πG and H0 is
the Hubble constant. The function f(u) that determines the evolution of the dark
energy density is, in general, obtained numerically.
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Having obtained the Hubble parameter, the fourth step consists of solving the
evolution equation for the scalar field obtained from (442):(
dϕ˜
du
)2
= − 1
4π
(
d lnH(u)
du
+
3
2
(Ωdm(u) + Ωb(u))
)
, (452)
where ϕ˜ = ϕ/MPl is the scalar field in units of the Planck mass MPl = 1/
√
G and
Ωdm,b(u) =
ρdm,b(u)
ρϕ(u) + ρdm(u) + ρb(u)
(453)
In the fifth step, one numerically inverts the solution ϕ˜(u) in order to determine
u (ϕ˜) and finally obtain
V˜ (ϕ˜) ≡ V (u (ϕ˜))
ρ
(0)
c
=
=
1
3
H(u)
H0
d (H/H0)
du
+
H2(u)
H20
− 1
2
Ωbe
−3u − 1
2
Ωdme
−3u exp
(
−
∫ 0
u
δ (u′) du′
)
and
W (u (ϕ˜)) = exp
(
−
∫ 0
u
δ (u′) du′
)
. (454)
This completes the reconstruction procedure.
Let us consider now the simple example of a constant EoS parameter wϕ and a
constant coupling δ . In this case, one has
ρdm = ρ
(0)
dma
−3+δ (455)
and the solution of eq (445) is
ρϕ(a) = ρ
(0)
ϕ a
−3(1+wϕ) +
δ
δ + 3wϕ
ρ
(0)
dm ()
(
a−3(1+wϕ) − a−3+δ
)
. (456)
The first term of the solution is the usual evolution of DE without the coupling
to DM. From this solution it is easy to see that one must require a positive value
of the coupling δ > 0 in order to have a consistently positive value of ρϕ for earlier
epochs of the Universe. One can also easily reconstruct the interaction W in this
simple case:
W (ϕ˜(u)) = eδu. (457)
10.2. Cosmography as a way of testing models with interaction
The method used in this section for testing interaction between dark components
is fully based on the cosmological principle and, has been termed ‘cosmography’.99
The cosmological principle allows us to construct the metric of the Universe and
take the first steps toward the interpretation of cosmological observations. Like kine-
matics, that is, the part of mechanics that describes the motion of bodies regardless
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of the forces causing this motion, cosmography only represents the kinematics of
cosmological expansion.
The rate at which the Universe expands is determined by how the Hubble pa-
rameter H(t) depends on time. A measure of this dependence is the deceleration
parameter q(t) . For a more complete description of the kinematics of cosmological
expansion, it is useful to consider an extended set of parameters:100–102
H(t) = 1a
da
dt ,
q(t) = − 1a d
2a
dt2
(
1
a
da
dt
)−2
,
j(t) = 1a
d3a
dt3
(
1
a
da
dt
)−3
,
s(t) = 1a
d4a
dt4
(
1
a
da
dt
)−4
,
l(t) = 1a
d5a
dt5
(
1
a
da
dt
)−5
.
(458)
We will not make any phenomenological assumptions about the dynamics of the
dark components. Based solely on kinematics (cosmography), we will show103 that
the observation of distant SNIa offer the possibility of testing the energy transport
from the vacuum sector to the nonrelativistic matter sector which includes DM.
We show that the measurements of the third order term in the expansion of the
luminosity distance relation with respect redshift z (jerk) allows us to detect the
energy transport. Higher order terms in the expansions (snap, crackle, etc.) control
the velocity, acceleration, etc... of energy transport.
To start off, and to demonstrate the main ideas behind this method, we analyse
a two-component fluid with effective pressure and energy
p = pde, ρ = ρde + ρdm. (459)
The conservation condition can be rewritten to the form
1
a3
d
dt
(
ρdma
3
)
+
1
a3(1+wde)
d
dt
(
ρdea
3(1+wde)
)
= 0. (460)
The first term describes the net rate of absorption of energy per unit time in a unit
of comoving volume transfered out of the decaying dark energy to the nonrelativistic
dark matter. The relation (460) can be written as,103104
1
a3
d
dt
(
ρdma
3
)
= γ(t),
1
a3(1+wde)
d
dt
(
ρdea
3(1+wde)
)
= −γ(t). (461)
The function γ(t) describes the interaction between the two dark components. In-
tegration of (461) gives
ρdma
3 = ρdm0a
3
0 +
∫ t
t0
γ(t)a3dt,
ρdea
3(1+wde) = ρde0a
3(1+wde)
0 +
∫ t
t0
γ(t)a3(1+wde)dt . (462)
Using (462) find
a¨ = 12
[
−A(a)a2 − (1+3wde)B(a)a2+3wde
]
,
A(a) ≡ 13ρdma3, B(a) ≡ 13a3(1+wde).
(463)
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Let’s represent (463) in the form
qH2 =
1
2
[
A(a)
a3
+
(1 + 3wde)B(a)
a3(1+wde)
]
. (464)
To describe higher derivatives of the scale factor we use the cosmographical param-
eters (458) and to describe the interaction we introduce the dimensionless transfer
parameter
ν(t) ≡ γ(t)
3H3
(465)
Deriving by time both sides of (463), we obtain the basic relations connecting the
jerk (j(t)) to the transfer density parameter (ν(t))
j − 32wdeν = Ωdm + 12 (1 + 3wde) (2 + 3wde)Ωde,
j − 32wdeν − 1 = 92wde (1 + wde)Ωde − Ωc, Ωc ≡ − ka2H2
(466)
Since
q =
1
2
Ωdm +
1 + 3wde
2
Ωde. (467)
for any Ωc we obtain
j − 3
2
wdeν + q =
3
2
Ωdm +
1
2
(1 + 3wde) (1 + wde)Ωde, (468)
In the special case of the flat model (Ωdm +Ωde = 1) the formula (468) reduces to
j − 3
2
wdeν + q = −3
2
Ωdm (4 + 3wde)wde +
3
2
(1 + 3wde) (1 + wde) , (469)
Therefore, interaction between nonrelativistic matter and DE is described by the
third (and higher) derivate of the scale factor - a cosmographic parameter.
The methods described above can be applied to more complicated forms of dark
energy,102 but the main principles remain the same: using the series expansions of
the scale factor. Aside from supernovae, Hubble parameter measurements, Gamma
Ray Bursts and Baryonic Acoustic Oscillations can be used in cosmography.
Questions arise regarding the truncation and convergence100, 102 of the series, as
well as the choice of which redshift to use.100 Indeed, the traditional redshift z has
built-in divergence for all redshifts ¿1. Mathematically, this is seen in the fact that
the following series has divergence around z = −1 :
1
1 + z
=
a(t)
a0
= 1+H0 (t−t0)− q0 H
2
0
2!
(t−t0)2+ j0 H
3
0
3!
(t−t0)3+O([t−t0]4). (470)
Due to this, when we revert the series100 to obtain the lookback time as a
function T (z) of z, the series will also diverge for z > 1, since by standard complex
variable theory, the radius of convergence in this case is at most 1. This can be seen
in picture ??. On a physical level, this divergence is caused by the fact that z = −1
corresponds to an infinite scale factor a =∞, and one cannot physically expect to
extrapolate beyond that. Because of this physical fact, the conclusions drawn for
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Fig. 20. Qualitative sketch of the behaviour of the scale factor a and the radius of convergence
of the Taylor series in z-redshift.100
the lookback time can be extended onto all observable quantities expanded in terms
of the redshift z the same parameters (Hubble, deceleration, jerk, etc...) - any series
(including photometric distance) will diverge for z > 1. This all poses a problem
since many of the supernovae being discovered today are in the z > 1 range (recall
that the Big Bang corresponds to z =∞).
It bears mentioning that this problem can be partially mitigated with a technique
known as “pivoting” expanding the Taylor series not around zero, but around a
certain non-zero “pivot” value. While this technique can certainly help, it does not
quite address the root causes of the divergence.
There are, however, ways of attacking the divergence problem head-on by in-
troducing alternative redshifts. Visser100 proposed the so-called y-redshift, which is
related to the old z-redshift in the following way:
y =
z
1 + z
; z =
y
1− y . (471)
Like the z-redshift, the new y-redshift also has a simple physical interpretation:
y =
λ0 − λe
λ0
=
∆λ
λ0
. (472)
More importantly, however, is that this parameterization, the entire past of
the Universe all the way up to the Big Bang is located in the small limit (0,1),
where 1 corresponds to the Big Bang. Physically, we assume that we cannot, like
we could not before, interpolate past the Big Bang. For this reason, the y-redshift
parameterization also has a convergence radius of 1, only now its not a problem,
since the entire past of the Universe lies within this radius. A visual demonstration
of the advantages of the y-redshift can be seen in picture 21. The formulas based on
August 19, 2014 0:27 WSPC/INSTRUCTION FILE IDE˙and˙DM
Cosmological Evolution With Interaction Between Dark Energy And Dark Matter 99
Fig. 21. Qualitative sketch of the behaviour of the scale factor a and the radius of convergence
of the Taylor series in y-redshift.100
y-redshifts are no more complicated than those based on z-redshifts, which clearly
shows the wide array of advantages that y-redshifts have when analyzing supernovae.
It must be said, however, that the z-redshift is more useful when interpolating into
the future, as it converges all the way up to a = ∞, while y-redshift encounters
problems for Universes twice as large as todays.
Aside from the y-redshift, many have proposed other redshifts, notably the y4
redshift proposed in102 - y4 = arctan z. The article outlines various criteria for
testing redshift models, and shows that while the y-redshift is perfectly serviceable,
there are certain advantages (such as constraints of various parameters) offered by
the y4 redshift. This opens the door to the use of other redshifts in specific cases
that call for it.
10.3. Statefinder diagnostic for interacting models
The lack of a microscopic theory of dark components, as well as our inability to
properly interpret the results of observations, has led to the creation of many phe-
nomenological models. To start off, we pick out the models that do not explicitly
contradict fundamental theories and observations. This process can be divided into
two phases. First, we test how well the model corresponds to certain fundamental
physical principles, as well as how well it corresponds “well studied” areas of pa-
rameters. Second, models must be in agreement with the massive amount of data
that has been obtained by modern cosmology. Obviously, the second step should
come after the first. It must be said, however, that on the fundamental level, most
of todays popular models stand their ground, which means that we are forced to
test them using observations. Among the most popular testing methods are the
so-called Om-diagnostic105 and the use of a method based on the introduction of
so-called statefinder parameters.106
August 19, 2014 0:27 WSPC/INSTRUCTION FILE IDE˙and˙DM
100 Yu.L. Bolotin, A. Kostenko,O.A. Lemets,D.A.Yerokhin
At the heart of Om-diagnostics is a construct that depends only on the Hubble
parameter
Om(x) ≡ h
2(x) − 1
x3 − 1 , x = 1 + z, h(x) =
H(x)
H0
(473)
For a planar Universe composed of DE with an EoS parameter w = const and
non-relativistic matter
h2(x) = Ωm0x
3 + (1− Ωm0)xα, α = 3(1 + w) (474)
Therefore,
Om(x) = Ωm0 + (1− Ωm0) x
α − 1
x3 − 1 , (475)
From this relation, it follows that Om(x) = Ωm0 for when DE is the cosmological
constant (α = 0), Om(x) > Ωm0 for the quintessence case (α > 0), and Om(x) <
Ωm0 for phantom energy (α < 0). Therefore, measurements of Om(x), which are
equivalent to measurements of the Hubble parameter at two different redshifts,
provide us with a possible test, and help us choose an adequate DE model.
As it turns out, Om-diagnostics proved to be ineffective when analysing models
with interaction. The reason is simple. The derivative H˙ is related to the deceleration
parameter
q = −1−
(
H˙/H
)2
= 1/2 (1 + 3wdeΩde)
, and does not depend on whether or not the components are interacting. On the
other hand,
H¨
H3
=
9
2
(
1 +
pde
ρ
)
+
9
2
[
wde (1 + wde)
ρde
ρ
− wdeΠ
ρ
− w˙de
3H
ρde
ρ
]
, (476)
Unlike with H and H˙ , the second derivative H¨ does depend on the interaction be-
tween the components. Consequently, in order to discriminate between models with
different interactions, or between interacting and non-interacting models, it is desir-
able to additionally characterize cosmological dynamics additionally by parameters
that depend on H¨ . This role is played by the statefinder parameters
r ≡
...
a
aH3
, s ≡ r − 1
3(q − 1/2) , (477)
The parameters are dimensionless, and are constructed from the scale factor and
its derivatives. The parameter r is the next (after the Hubble parameter and the
deceleration parameter) member of the set of kinematic characteristics that describe
the Universes expansion. The parameter s is a combination of q and r, ,chosen in
such a way so as not to depend on the density of dark energy. What are the reasons
behind this choice? The characteristics chosen to describe dark energy can be either
geometric, if they are derived directly from the space-time metric, or physical, if
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they depend on the characteristics of the fields that represent dark energy. Physical
characteristics are, obviously, model-dependent, while geometric characteristics are
more universal. Moreover, the latter are free from the uncertainties that arise during
measurements of physical values like density of energy. For this very reason, geo-
metric characteristics are more reliable during analysis of DE models. The values
of the geometric parameters, with a good degree of prescision, are reconstructed
from cosmological data. After this, statefinder parameters can be successfully used
to identify various DE models.
For a planar Universe filled with a two-component liquid, composed of non-
relativistic matter (dark matter + baryons) and dark energy with the relative den-
sity Ωde , the statefinder parameters take on the form
r = 1 + 92Ωdewde(1 + wde)− 32Ωde w˙deH ;
s = 1 + wde − 13 w˙dewdeH ; wde ≡
pde
ρde
, (478)
Let’s write the statefinder parameters {r, s} for a) the cosmological constant; b) for
time-independent wde; c) quintessence:
a) {r, s} = {1, 0} ;
b) {r, s} = {1 + 92ΩDE(1 + wde), 1 + wde} ;
c) {r, s} =
{
1 + 12πGϕ˙
2
H2 +
8πGV˙
H3 ,
2
(
ϕ˙2+ 2V˙H
)
ϕ˙2−2V
} , (479)
Much like with Om(x) - diagnostics, the statefinder parameters demonstrate the
clear difference between the cosmological constant and dynamical forms of DE.
For interacting (Q = −3ΠH) two-component fluids (de, dm) in a flat Universe,
the statefinder parameters take the form107
r = 1 +
9
2
wde
1 +R
[
1 + wde − Π
ρde
− w˙de
3wdeH
]
, R ≡ ρdm
ρde
(480)
s = 1+ w − Π
ρde
− w˙de
3Hwde
, (481)
For non-interacting models i.e., for Π = 0 , these parameters reduce to (478).
Previously, we saw that the scaling solution of the form R ∝ a−ξ, where ξ is
a constant parameter in the range [0, 3], can be obtained when the dark energy
component decays into the pressureless matter fluid. If wde = const, it can be
shown107 that the interactions that produce the scaling solutions are given by
Π = ρde
(
wde +
ξ
3
)
R0 (1 + z)
ξ
1 +R0 (1 + z)
ξ
(482)
Inserting this expression into Eqs. (480) and (481) yields the following expressions
for the statefinder parameters
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r = 1 +
9
2
wde
1 +R0 (1 + z)
ξ
[
1 + wde −
(
wde +
ξ
3
)
R0 (1 + z)
ξ
1 +R0 (1 + z)
ξ
]
(483)
s = 1 + wde −
(
wde +
ξ
3
)
R0 (1 + z)
ξ
1 + R0 (1 + z)
ξ
(484)
10.4. Statefinder parameters for some interaction models
10.4.1. Statefinder parameters for Ricci dark energy
Recently, the Ricci dark energy (RDE model) was expanded in the following way152
ρde = 3M
2
p (αH
2 + βH˙), (485)
where α and β are constants to be determined. Obviously, this extended model can
be reduced to the RDE model 153 for the case of α = 2β.
In order to determine the statefinder parameters, let’s briefly describe the ex-
tended RDE model. The conservation equations for this model have the form (42)
where Q has the form Q = 3bH(ρde+ρm) with b as the coupling constant. When in-
troducing the parameter rρ = ρm/ρde as the density ratio of matter to dark energy,
Q can be rewritten in the form Q = 3b(1+rρ)Hρde. Making use of the ”conservation
equations”, we can get
r˙ρ = 3H
[
wrρ + b(1 + rρ)
2
]
. (486)
Moreover, the Friedmann equation is
3M2pH
2 = ρde + ρm, (487)
and the derivative of H with respect to time can be given:
H˙ = −3
2
H2
(
1 +
w
1 + rρ
)
. (488)
Defining the fractional energy densities as Ωde ≡ ρde/(3M2pH2) and Ωm ≡
ρm/(3M
2
pH
2), the Friedmann equation reads Ωde + Ωm = 1. Therefore, rρ also
has the form rρ = ρm/ρde = Ωm/Ωde, which leads to
Ωde =
1
1 + rρ
. (489)
Substituting Eqs. (485) and (488) into Eq. (487), we get the relationship between
w and rρ,
w =
(
2α
3β
− 1
)
(1 + rρ)− 2
3β
. (490)
Let’s now get the statefinder parameters for the given model. According to one
of the basic dynamical equations of cosmology,
a¨
a
= −4πG
3
(ρ+ 3p), (491)
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where ρ and p denote, respectively, the total energy density and pressure of the
Universe, the statefinder parameters (477) have the following form in terms of ρ
and p:
r = 1 +
9(ρ+ p)
2ρ
p˙
ρ˙
, s =
(ρ+ p)
p
p˙
ρ˙
, (492)
where the deceleration parameter is
q = − a¨
aH2
=
1
2
+
3p
2ρ
. (493)
Further, in view of ρ = ρm+ρde and p = pm+pde = pde = wρde, ρ is conserved and
satisfies ρ˙ = −3H(ρ+p), while p˙ = w˙ρde+wρ˙de. Note that the conservation equation
of dark energy (42) is a little more complicated, so we introduce the effective EoS
parameter of dark energy as
weff = w + b(1 + rρ), (494)
then, Eq. (42) recovers the standard form
ρ˙de + 3H(1 + w
eff)ρde = 0. (495)
So, the statefinder and deceleration parameters can be expressed as
r = 1− 3
2
Ωde
[
w′ − 3w(1 + weff)] , (496)
s = 1 + weff − w
′
3w
, (497)
q =
1
2
+
3
2
wΩde, (498)
where “ ′ ” denotes the derivative with respect to x = ln a, and H = dx/dt. When
there is no interaction, i.e., b = 0, we have weff = w. Therefore, the LCDM model
with w = −1 leads to the constant statefinder parameters below:
{r, s}|LCDM = {1, 0}. (499)
This means that the LCDM model corresponds to a fixed point (s = 0, r = 1) in the
statefinder r − s plane. Thus, because of this feature, other models of dark energy
can be measured in terms of the distance between them and the LCDM point in
order to study their behavior.
Fig. 22 and Fig. 23 show r(s), r(q) and w′(w) in the ERDE model, respectively,
in the r−s, r−q and w′−w planes. Fig. 22 lacks interaction, while Fig. 23 includes
it.
10.4.2. Statefinder parameters for the interacting ghost model of dark energy.
The Friedmann equation for the interacting ghost model of dark energy has the
form
H2 =
1
3M2p
(ρm + ρΛ) (500)
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Fig. 22. (Color online) r(s), r(q) and w′(w) in the extended RDE model without interaction,
respectively, in the r−s, r−q and w′−w planes for the variable β. The dots denote today’s values
of these parameters, and q0 = −0.595 and w0 = −1 for all the cases.161
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Fig. 23. (Color online)r(s), r(q) and w′(w) in the extended RDE model with interaction, respec-
tively, in the r− s, r− q and w′ −w planes for the variable b with the best-fit β = 0.46. The dots
denote today’s values of these parameters, and q0 = −0.595 and w0 = −1 for all the cases.161
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where H and Mp are the Hubble parameter and the reduced Planck mass, respec-
tively. The density of ghost dark energy is given by155
ρΛ = αH (501)
where α is a constant of the model. The dimensionless energy densities are defined
as
Ωm =
ρm
ρc
=
ρm
3M2pH
2
, ΩΛ =
ρΛ
ρc
=
ρΛ
3M2pH
2
(502)
From the definition of q and H , the parameter r can be written as
r =
H¨
H3
− 3q − 2. (503)
For the given model, it is easy to find
r = 1 +
9
4
wΛΩΛ(wΛΩΛ + 1)− 3
2
ΩΛw
′
Λ (504)
The parameter s is obtained as
s =
1
2
(1 + wΛΩΛ)− w
′
Λ
3wΛ
(505)
Fig. 24 illustrates the evolutionary trajectories of the ghost dark energy model
in a flat Universe in the s− r plane for different illustrative values of the interaction
parameter b. Here we adopted the current values of the cosmological parameters ΩΛ
and Ωm as 0.7 and 0.3, respectively. The standard ΛCDM fixed point {r = 1, s = 0}
is indicated by a star symbol in this diagram. The colored circles on the curves show
the present values of the statefinder pair {s0, r0}. By expanding the Universe, the
trajectories in the s− r plane move from right to left. The parameter r decreases,
then increases to the constant value r = 1 at late times, while the parameter s
deceases from a positive value at early times to the constant value s = 0 at late
times.
In the right side of Fig. 24, the evolutionary trajectories of ghost dark energy in
a flat Universe are plotted for different values of the interaction parameter b in the
q − r plane. Same as statefinder the analysis, the q − r analysis can discriminate
between different dark energy models. By expanding the Universe, the trajectories
move from right to left. The parameter r decreases, then increases to the constant
value r = 1 at late times, while the parameter q decreases from a positive value
(indicating decelerated expansion) at early times to a negative value (representing
accelerated expansion) at the late times. Here we see the different evolutionary
trajectories for different interaction parameters b. The current value {q0, r0} can
also be affected by the interaction parameter. Increasing the interaction parameter
b makes the parameters r and q smaller.
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Fig. 24. Left: The evolutionary trajectories in the s − r plane for the interacting ghost dark
energy model in a flat Universe with the cosmological parameters Ωm0 = 0.3 and ΩΛ0 = 0.7.
The location of the standard ΛCDM fixed point is indicated by a star symbol. The colored circle
points are the locations of the present values of the statefinder pair {s0, r0} for different values of
the interaction parameter, as described in the legend. Right: The evolutionary trajectories in the
q − r plane for the interacting ghost dark energy model in a flat Universe with the cosmological
parameters Ωm0 = 0.3 and ΩΛ0 = 0.7. The colored circle points are the locations of the present
values of the statefinder pair {q0, r0} for different values of the interaction parameter, as described
in the legend (see156).
10.4.3. Statefinder analysis for the interacting polytropic gas dark energy
model
The equation of state (EoS) of a polytropic gas is given by (for more details and
discussions, see157 and158)
pΛ = Kρ
1+ 1n
Λ , (506)
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where K and n are the polytropic constant and polytropic index, respectively.159
Using Eq.(506), the integration of the continuity equation for the interacting dark
energy component gives
ρΛ =
(
1
Ba
3(1+α)
n − K˜
)n
, (507)
where B is the integration constant, K˜ = K1+α and a is the scale factor.
Substituting Q = 3αHρΛ into the EoS for DE yields
ρ˙Λ + 3H(1 + α+ wΛ)ρΛ = 0, (508)
Taking the derivative of Eq.(507) with respect to time, one obtains
ρ˙Λ = −3BH(1 + α)a
3(1+α)
n ρ
1+ 1n
Λ (509)
After obtaining the expressions for wΛ,
H˙
H2 and q, we find that
H¨
H3
= −9
2
ΩΛ(1 + α)(α + wΛ)[(1 + α)(−wΛ +ΩΛα+ΩΛwΛ)− α(α+ 2)]
−3
2
ΩΛ(1 + α)w
′
Λ +
9
2
[ΩΛ(1 + α)(α + wΛ) + 1]
2 (510)
Let’s now get the statefinder parameters for the given model (s, r). Using the defi-
nition of the statefinder parameters, one can obtain
r =
...
a
aH3
=
H¨
H3
− 3q − 2 (511)
Putting the expression for q and (510) into (511), and using the expression for Ω′Λ,
we find that
r = 1 +
3
2
ΩΛ(1 + α)[3(1 + α)(α + wΛ)(1 + α+ wΛ)− w′Λ] (512)
The parameter s for the interacting polytropic gas is obtained as
s =
2
3
3α(α+ 1)2 + 3αwΛ(2α+ wΛ + 3) + 3wΛ(1 + wΛ)− w′Λ
α+ wΛ
(513)
In Fig. 25, the evolutionary trajectories of the interacting polytropic gas model
are plotted for different values of the interaction parameter α. Here, we fixed the
parameters of the model as c = 2 and n = 4. The standard ΛCDM fixed point is
indicated by a star symbol in this diagram. The colored circles on the curves show
the present values of the statefinder pair {s0, r0}. Different values of α result in
different evolutionary trajectories in the s− r plane. Hence, the interaction param-
eter can influence the evolutionary trajectory of the polytropic gas model in the
s− r plane. For larger values of α, the present value s0 decreases, and the present
value r0 increases. The distance of the point (s0, r0) to the ΛCDM fixed point (i.e.
s = 0, r = 1) becomes larger as the interaction parameter α increases. While the
Universe expands, the evolutionary trajectory of the interacting polytropic gas dark
energy model evolves from the ΛCDM at the early time, then r increases and s
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decreases. The present values of {s0, r0} are valuable, if they can be extracted from
the future data of SNAP (SuperNova Acceleration Probe) experiments. Therefore,
the statefinder diagnostic tool with future SNAP observations is useful when dis-
criminating between various dark energy models.
In Fig.26, the evolutionary trajectories for the interacting polytropic gas are
plotted for different values of the parameters of the model. The interaction pa-
rameter was fixed as α = 0. In the left panel, the parameter n is fixed and the
parameter c is varied. Different values of c give different evolutionary trajectories in
the s− r plane. Therefore the parameter c of the model can affect the evolutionary
trajectories in the s − r plane. Like Fig. 25, the present value of the statefinder
pair, i.e. {s0, r0}, is indicated by colored circles on the curves. For larger values of
c, r0 decreases and s0 increases. The distance of the point (s0, r0) to the standard
ΛCDM fixed point becomes shorter for larger values of c. In the right panel, the
parameter c is fixed and the parameter n is varied. Same as the left panel, the
interaction parameter is fixed to α = 0. Here we also see that different values of n
give different evolutionary trajectories in the s− r plane. For larger values of n, we
see that r0 decreases and s0 increases. Here we see that, same as for the parameter
c, the distance from the point (s0, r0) to the standard ΛCDM fixed point becomes
shorter for larger values of n.
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Fig. 25. The evolutionary trajectories for the interacting polytropic gas model in the s− r plane
for different values of the interaction parameter α. The black curve indicates the non-interacting
case and the blue and red curves represent α = 0.1 and α = 0.2 respectively. The circles on the
curves show the present values of the statefinder pair {s0, r0}. The star symbol is related to the
location of the standard ΛCDM model in the s−r plane. The parameters of the model are chosen
as c = 2, n = 4.158
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Fig. 26. The evolutionary trajectories for the polytropic gas model in the s−r plane for different
illustrative values of the parameters c and n. Here we choose the interaction parameter as α = 0.
In the left panel the parameter n is fixed and the parameter c is varied as c = 2( black curve
), c = 3 ( blue curve ), c = 4 ( red curve ). In the right panel the parameter c is fixed and the
parameter n is varied as n = 2 ( black curve ), n = 4 ( blue curve ) and n = 6 ( red curve ). The
circles on the curves show the present values of the statefinder pair {s0, r0}. The star symbol is
related to the location of the standard ΛCDM model in the s− r plane.158
10.5. Observational data
Among observational data types, the observational Hubble parameter dataH(z) has
become an effective probe both in cosmology and astrophysics compared to the SNe
Ia data, the CMB data and the baryonic acoustic oscillation (BAO) data. It is more
rewarding to investigate the observational H(z) data directly. The reason is quite
simple: it is obvious that these probes all use the distance scale (e.g., the luminosity
distance dL, the shift parameter R, or the distance parameter A) measurement to
determine cosmological parameters, which necessitates the integration of the Hubble
parameter, and therefore destroys the fine structure of H(z), as well as some more
important information.111 The Hubble parameter depends on the differential age as
a function of the redshift z of the form
H(z) = − 1
1 + z
dz
dt
. (514)
which provides a direct measurement of H(z) through a determination of dz/dt.
In order to obtain constraints on cosmological parameters, we use Pearsons chi-
squared test. This test, sometimes called the χ2 - test, is the test most commonly
used when testing hypotheses about distribution laws. In many practical problems,
the exact dispersion law is unknown, and is therefore a hypothesis that demands
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statistical verification χ2 for H(z) can be defined as
χ2H =
13∑
i=1
[H(zi)−Hobs(zi)]2
σ2hi
, (515)
where σhi is the 1σ uncertainty in the H(z) data.
As it is known, the baryonic oscillations at recombination are expected to leave
baryonic acoustic oscillations (BAO) in the power spectrum of galaxies. The ex-
pected BAO scale depends on the scale of the sound horizon at recombination, and
on the transverse and radial scales at the mean redshift zBAO = 0.35 of galaxies in
the survey.126 measured the quantity
A =
√
Ωm
E(zBAO)1/3
[
1
zBAO
∫ zBAO
0
dz′
E(z′)
]2/3
, (516)
The SDSS BAO measurement126 gives Aobs = 0.469(ns/0.98)− 0.35± 0.017 where
the scalar spectral index is taken to be ns = 0.963, as measured by WMAP7.
127 In
this case, χ2 can be defined as
χ2BAO =
(A−Aobs)2
σ2A
. (517)
Meanwhile, the locations of the peaks in the CMB temperature power spectrum
in l-space depend on the comoving scale of the sound horizon at recombination,
and on the angular distance to recombination. This is summarized by the so-called
CMB shift parameter R,128, 129 which is related to cosmology by
R =
√
Ωm0
∫ zrec
0
dz
′
E(z′)
(518)
where zrec ≈ 1091.3127 is the redshift of recombination. The 7-year WMAP data
gives a shift parameter of R = 1.725± 0.018.127 In this case, χ2 can be defined as
χ2CMB =
(R−Robs)2
σ2R
(519)
Notice that both A and R are independent of H0. Thus, these quantities can provide
robust constraints on DE models in addition to the constraints provided by H(z).
It is commonly believed that SNe Ia all have the same intrinsic luminosity, and
thus can be used as “standard candles”. Recently, the Supernova Cosmology Project
(SCP) collaboration have released their Union2 compilation, which consists of 557
SNe Ia.229 The Union2 compilation is the largest published and spectroscopically
confirmed SNe Ia sample to date. Theoretically, the distance modulus can be cal-
culated as
µ = 5 log
dL
Mpc
+ 25 = 5 log10H0dL − µ0, (520)
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where µ0 = 5 log10[H0/(100km/s/Mpc)] + 42 · 38, and the luminosity distance dL
can be calculated using dL =
(1+z)
H0
∫ z
0
dz′
E(z′) . Then, χ
2 from SNe Ia data is:
χ2SN = A−
B2
C
+ ln
(
C
2π
)
, (521)
where A =
∑557
i (µ
data − µth)2/σ2i , B =
∑557
i µ
data − µth/σ2i , C =
∑557
i 1/σ
2
i ,
µdata is the distance modulus obtained from observations and σi is the total uncer-
tainty of SNe Ia data.
10.6. Comparison of cosmological parameters in different models
In this section, we will compare cosmological parameters with various models. Table
10.6contains the best-fit values of parameters for three different models with inter-
actions in the dark sector. On Fig. 27, you can find the probability contours for w
DE
versus δ for different models. The interaction term δ is near zero. Note, however,
that even such a small value of interaction can facilitate the solution coincidence
problem.
Model Ωm,0 wDE δ
Q = 3δHρm 0.274
+0.029
−0.029 −1.02+0.12−0.13 −0.009+0.013−0.012
Q = 3δHρDE 0.272
+0.030
−0.030 −1.02+0.09−0.09 −0.023+0.039−0.040
ρm = ρm0a
−3+δ 0.270+0.040−0.050 −1.03+0.12−0.15 −0.03+0.06−0.05
ΛCDM 0.270+0.019−0.019 −1.0710+0.0775−0.0775 0
Fig. 27. The 68.3% and 95.4% confidence level contours for wDE versus δ with
SNeIa+BAO+CMB in different models. Q = 3δHρm (a)137 ; Q = 3δHρDE (b)
137 ; ρm =
ρm0a−3+δ (c);168 The dashed lines represent δ = 0 and wDE = −1.
Let us now consider a situation in which the ratio of dark energy and dark
matter has the following relation:160
ρDE
ρm
=
ρDE0
ρm0
aξ, (522)
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where ξ is a constant which quantifies the severity of the coincidence problem.
In the absence of the coupling δ, with a constant w
DE
, the energy density of dark
energy scales as ρX ∝ a−3(1+wX ). Here, the ratio ρDE/ρm is proportional to a−3wDE ,
namely, the ξ = −3w
DE
case in Eq. (522). Note that the standard ΛCDM model
corresponds to wDE = −1 and ξ = 3.
As we see from Fig. 28(left), the ΛCDM model, which corresponds to the point
(w
DE
, ξ) = (−1, 3), is within the 1σ contour bound. Recall that the uncoupled
models are characterized by the line ξ = −3wX . Thus, provided that the points are
not on the line ξ = −3w
DE
, the coupled models are observationally allowed in the
parameter regions 2.66 < ξ < 4.05 (95% CL). From Fig. 28(left), it is obvious that
the scaling models with ξ = 0 are excluded from the data.
In figures Fig. 28(right) the noninteraction line (solid yellow) stays well beyond
the reach of the parameter space allowed by the CMB data. This includes the con-
cordance ΛCDM model as well. Thus, the scaling model is more consistent with the
CMB data, and is compatible with a larger parameter space than the noninteracting
standard model.
Fig. 28. Left: probability contours in the varying coupling models on the (wDE , ξ) plane marginal-
ized over ΩDE0 . The line ξ = −3wDE corresponds to the uncoupled models. In this case we have
the constraint 2.66 < ξ < 4.05 (95% CL).168 Right: contour Plots of the first three Doppler peaks
and the first trough location in the (ξ, wDE ) plane with Ωm0 = 0.2 and h = 0.71. Black, red, blue
and green lines correspond to the observational bounds on the first, second, third peaks and the first
trough, respectively. The upper line corresponds to the non-interacting case (ξ + 3wDE = 0).
169
10.7. New constraints on Coupled Dark Energy from Planck
A truly monumental discovery was made by Salvatelli et. al based on the analysis of
data obtained from the Planck satellite mission, rooted in the differences of the val-
ues of the Hubble parameter measured from the Hubble Space Telescope (HST) and
the values based on the Planck mission. HST gives H0 = 73.8±2.4km/s/Mpc, while
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the Planck satellite gives decidedly different results: H0 = 67.3± 1.2km/s/Mpc.
Now, one must consider the different nature of these measurements: HST mea-
sures the Hubble parameter more or less directly, based on the analysis of approxi-
mately 600 Cepheid variables, while the Planck satellite analysis uses an assumption
of an underlying theoretical model to obtain its results from analysis of Cosmic Mi-
crowave Background Anisotropies.244 This means that, on one hand, the problem of
different values can be waved away with the assumption of the presence of underly-
ing systematic errors in both HST and Planck measurements, since neither method
is ideal HST could have certain underlying biases,251 while Planck measurements
are not direct by their very nature.
This latter point, however, may also serve as the key to resolving tensions be-
tween HST and Planck in a more physically proper manner: the Planck results
change significantly when the underlying model is changed. The case analysed by
Salvatelli et. al243 included the possibility of a simple form of coupling in the dark
sector, where the interaction rate is proportional to the density of the dark energy:
∇µT µ(dm)ν = Qu
(dm)
ν /a
T µ(de)ν = −Qu
(dm)
ν /a
Q = ξHρde
(523)
where ξ is a dimensionless parameter and H = a˙/a (where the dot indicates a
derivative with respect to conformal time dτ = dt/a. This model is in agreement
with cosmological constraints if the coupling is negative and the dark energy EOS
parameter is larger than -1. The background evolution equations here have the
form252
ρ˙dm + 3Hρdm = ξHρde , (524)
ρ˙de + 3H(1 + w)ρde = −ξHρde . (525)
The results were the following: coupled cosmologies are not only completely
compatible with the data set, but actually provided better fits than the ΛCDM
model. It must also be noted that there is a strong degeneracy between the value of
ξ and the cold dark matter density. Negative values of the coupling ξ translate into
a larger matter density in the past which means that, since the dataset is sensitive
to the amount of cold dark matter at recombination, the value of cold dark matter
density is small today. Indeed the more negative ξ is, the larger its contribution to
the value of the ”effective” matter content - a contribution proportional to ξ and
(1−a). The larger this contribution, the smaller the value of ”intrinsic” dark matter
density,252 which is the only part of the effective matter content that remains today.
Therefore, by making ξ more negative, the value of cold dark matter density drops,
and can even drop to nearly zero and still be compatible with data.
It is this degeneracy that is the cause of the resolution of the aforementioned
tensions between HST and Planck: the introduction of coupling causes the value
of the Hubble parameter to rise from H0 = 67.3 ± 1.2km/s/Mpc. (at 68% c.l.) to
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Fig. 29. CMB temperature power spectrum in the ΛCDM case and in the coupled cases for
ξ = −0.2,−0.5, Ωch2 = 0.1186, H0 = 67.9 km/s/Mpc. The main effects of the coupling are the
shifting of the positions of the acoustic peaks and changes in their amplitude.166
H0 = 73.3
+2.6
−1.6km/s/Mpc (at 68% c.l.). Going further and including the HST prior
(since the value of the Hubble parameter is compatible with the HST value), the
results are fine tuned: H0 = 73.3
+2.6
−1.6km/s/Mpc (at 68% c.l.) and, somewhat more
importantly, −0.90 < ξ < −0.22 (at 95% c.l.).
In the synchronous gauge, the evolution of the dark matter and dark energy
perturbations in the linear regime reads252
δ˙dm = −(kvdm + 1
2
h˙) + ξH ρde
ρdm
(δde − δdm) (526)
+ξ
ρde
ρdm
(
kvT
3
+
h˙
6
)
,
δ˙de = −(1 + w)(kvde + 1
2
h˙)− 3H (1− w) (527)[
δde +H (3(1 + w) + ξ) vde
k
]
− ξ
(
kvT
3
+
h˙
6
)
,
v˙dm = −Hvdm , (528)
v˙de = 2H
(
1 +
ξ
1 + w
)
vde +
k
1 + w
δde − ξH vdm
1 + w
, (529)
where δdm,de and vdm,de are the density perturbations and velocities of the dark
matter and dark energy fluids, respectively, vT is the center of mass velocity for
the total fluid and h is the usual synchronous gauge metric perturbation. Equa-
tions (526)-(529) include the contributions of the perturbation in the expansion rate
H = H/a+ δH , the dark energy speed of sound has been fixed to 1, i.e. cˆ2s de = 1,
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and the equation of state for dark energy w has been taken to be constant.
The interaction discussed in the model affects the CMB temperature spectrum
in several ways. In Fig. 29 illustrate the impact of ξ up to multipole l = 2500 for
ξ = −0.2,−0.5 assuming a cold dark matter density Ωch2 = 0.1186 and H0 = 67.9
km/s/Mpc. Notice that the presence of a coupling among the dark matter and
the dark energy fluids shifts the position of the peaks to larger multipoles. At
low multipoles, a value of ξ different from zero contributes to the late integrated
Sachs-Wolfe (ISW) effect, while at high multipoles changes the amplitude of the
gravitational lensing.
In243 it was found that considered above model with interaction in the dark
sector, is in agreement with Planck data and that even though the coupling param-
eter ξ is weakly constrained by Planck measurements (ξ = −0.49+0.19−0.31 68% c.l.) it
induces interesting degeneracies among cosmological parameters. With such a dark
interaction a lower matter density Ωm = 0.155
+0.050
−0.11 and a larger Hubble parameter
H0 = 72.1
+3.2
−2.3km/s/Mpc are favoured.
Since the value of the Hubble constant is compatible with the Hubble Space
Telescope (HST) value, in243 authors combined the Planck and HST data sets,
finding that, in this case, a non-zero value of the dark coupling is suggested by the
data, with −0.90 < ξ < −0.22 at 95% c.l..
The analysis presented here points out that an interaction in the dark sector is
not only allowed by current CMB data but can even resolve the tension between
the Planck and the HST measurements of the Hubble parameter. The results we
have found are in agreement with the results obtained in former analyses for similar
models using previous cosmological data.245, 247, 250
Summing up, the presence of a coupling in the dark sector is not only possible,
but is even favored by observations in comparison to the standard ΛCDM scenario,
resolving tensions with the HST measurements of the Hubble parameter.
10.8. N-body simulations
For over 15 years now, numerical N-body simulations have been successfully used
to analyse characteristics and forming processes of collapsed systems in the Uni-
verse. In addition to this, N-body simulations played a big role in the establishment
of the Cold Dark Matter (CDM) paradigm as the standard scenario for structure
formation.254–258, 260–266, 269 Aside from this, cosmological simulations also play an
important role in the analysis and understanding of the DE phenomenon. In fact,
despite the undoubtable importance of the direct detection of the cosmic accelera-
tion by Perlmutter, Riess and Schmidt (recently recognized by the 2011 Nobel Prize
in Physics), it is worth noting that the first observational claim of a DE-dominated
Universe came about ten years before, from the comparison of the large-scale corre-
lation of galaxies in the Automated Plate Measurement(APM) galaxy survey with
the predictions of N-body simulations.267, 270
Specifically,267 comparing the correlation function extracted from the simula-
August 19, 2014 0:27 WSPC/INSTRUCTION FILE IDE˙and˙DM
116 Yu.L. Bolotin, A. Kostenko,O.A. Lemets,D.A.Yerokhin
Fig. 30. 2-D posterior distributions of parameters most degenerate with the coupling ξ. A strong
correlation is evident with the cold dark matter density parameter. A larger absolute value of
the coupling ξ implies a decrement of the dark cold matter and a consequent decrease of the dark
matter density. Since the assumption of a flat Universe, it also implies a larger dark energy amount
that brings to an increment of H0 and consequently an increase of θ.166
tions of a CDM dominated Universe performed by269 with the APM observational
correlation function, we find a stark discrepancy between the two for large corre-
lation angles, with the latter showing a higher level of clustering at large scales
when compared to the numerical predictions. Shortly after,270 showed this such
large discrepancy was removed when comparing the data with simulations of a flat
low-density Universe with ΩM ≈ 0.2, where the missing energy, for closure, was
given by a cosmological constant Λ. Therefore, it seems appropriate to state that
the first observational evidence of a DE-dominated Universe was actually derived
from the outcomes of cosmological N-body simulations.
In truth, N-body simulations have only recently started to be used for DE anal-
ysis. Prior to this, most of the efforts in numerical cosmology have been devoted to
improving the efficiency and the scalability of standard N-body algorithms for the
ΛCDM scenario. These attempts were mainly made in order to achieve a higher level
of detailization in the description of characteristics of nonlinear structure formation,
as well as to include in the integration scheme the effects of baryonic physics,271–273
as well as a wide range of astrophysical processes such as gas cooling, star formation,
feedback mechanisms from supernovae explosions and active galactic nucleus activ-
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ity.274–279 Alternatively, large N-body simulations of the standard ΛCDM scenario
have also been used to develop and calibrate semi-analytical methods to populate
simulated CDM halo catalogs with realistic galaxy samples.280–287
Therefore, N-body simulations let us move further in our understanding of galaxy
formation and evolution, as well as structure formation and other processes. By
comparing data obtained from cosmological observations with results of N-body
simulations, we can come to conclusions regarding the validity of various cosmolog-
ical models.
10.8.1. N-body simulations: general considerations and a simple model
In order to illustrate the effect of interaction, we follow141 in considering inter-
acting DE models where the role of DE is played by a scalar field φ evolving in
a self-interaction potential V (φ), and where the interaction with CDM particles is
represented by a source term in the respective continuity equations of the two fluids:
ρ˙dm + 3Hρdm = −β(φ)φ˙ρdm (530)
ρ˙φ + 3Hρφ = +β(φ)φ˙ρdm (531)
Clearly, the function β(φ) defines the intensity of the DE-CDM interaction, and,
together with the scalar potential V (φ), is fully defined by the model.
As a consequence of the interaction, and the assumption of the conservation of
the CDM particle number, Eq. (530) implies the following time evolution of the
CDM particle mass, caused by the dynamic nature of the DE scalar field:
mc(a) = mc(a0)e
− ∫ β(φ)dφ , (532)
where a0 is the cosmic scale factor at the present time.
In this subsection, unless otherwise specified, we will assume β(φ) = β. We
will also always assume an exponential form for the potential V (φ) ∝ e−αφ, with
α = 0.1.141
As we have already said (4), the background evolution of constant coupling
models is characterized by a scaling regime during matter domination where the
two interacting fluids (DE and CDM in our case) share a constant ratio of the total
energy budget of the Universe, therefore allowing for large amounts of DE in the
early Universe (EDE hereafter), which will change the dynamics of the Universe
from the standard expansion history with ΛCDM model, and will also change the
present values of the set of cosmological parameters. This scaling regime is sustained
(for the case of positive couplings on which we focus) by the energy transfer from the
CDM particles to the DE scalar field, which determines, in turn, a decrease, in time,
of the mass of CDM particles, according to the modified continuity equation (530).
Therefore, the modified dynamics of the Universe at z > 0 and the dependency
of the mass of the dark matter particles on time are two common features of any
interacting DE model that can affect the growth rate of density perturbations.
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When taking into account the latter effect, the normalization of the CDM masses
is clearly important: when comparing models at fixed present (z = 0) values of
cosmological parameters, it is necessary to take into account the fact that interaction
causes the mass of the DM particles to rise in the past, which corresponds to an
effectively larger value of the CDM density ρdm.
Note that there is a substantial distinction between the mass variation (that is,
the fact that m˙dm 6= 0), and the mass normalization ( that is, the effective ρdm(z)
during the expansion history of the Universe). The former effect is found to have
significant implications for the nonlinear regime of structure formation and for the
internal dynamics of collapsed objects, while the latter primarily affects the linear
evolution of density perturbations.
Based on these two peculiarities, we briefly look at the linear perturbation evo-
lution in interacting DE models. Based on the dynamic equation for CDM density
perturbations in interacting DE scenarios,
δ¨dm +
(
2H − βφ˙
)
δ˙dm − 3
2
H2
[(
1 + 2β2
)
Ωdmδdm +Ωbδb
]
= 0 , (533)
shows, in fact, also the presence of an additional friction term directly proportional
to the coupling
− βφ˙δ˙dm , (534)
and of an effective enhancement of the gravitational pull for CDM fluctuations by
a factor of (1 + 2β2), which is known as the “fifth-force” (see subsection 2). Both
the extra friction term and the fifth-force accelerate the growth of CDM density
perturbations in the linear regime, as clearly shown by Eqn. (533).
In order to analyse the evolution of density perturbations beyond the linear
regime, and to have the ability to predict the features that interacting DE imprints
on the highly nonlinear objects that we can directly observe in the sky, we need
to rely on numerical integrations, as the equation (533) is no longer sufficient. In
order to do this, it is necessary to understand how the interaction between DE and
CDM affects the laws of newtonian dynamics that govern the evolution of structure
formation in the newtonian limit of General Relativity, and apply these effects to
N-body algorithms.
The article141 has shown that the acceleration equation for a CDM particle in
interacting DE cosmology for the case of a light scalar field (that is, a scalar field
model for which mφ ≡ d2V/dφ2 ≪ H) takes the form141
~˙vi = βφ˙~vi +
∑
j 6=i
G(1 + 2β2)mj~rij
|~rij |3 , (535)
where ~vi is the velocity of the i-th particle, ~rij is the vector distance between the
i-th and the j-th particles, and the sum extends to all the CDM particles in the
Universe.
The equation (535) clearly identifies the same coupling-dependent terms already
encountered in the linear perturbation equation (533). The friction term of Eq. (534)
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now appears as a “velocity-dependent” acceleration (see also section 2)
~av = βφ˙~v (536)
which depends on the velocity of CDM particles, while the “fifth-force” term appears
in the same form as in Eq. (533), which is essentially equivalent to the rescaling of
the gravitational constant G between CDM particle pairs by a factor of (1 + 2β2).
It is important to notice the key difference between the linear and nonlinear
regimes: whereas in the linear regime the friction always accelerated structure
growth, the non-linear case complicates matters by making it dependent on the
relative orientation of speed and gravitational acceleration of each CDM particle.
Due to this, a particle moving towards the local potential minimum will experience
an effectively larger potential gradient, while a particle moving away from the local
potential minimum will conversely feel an effectively smaller potential gradient . For
the realistic situation of nonlinear virialized objects, where tangential velocities are
non-negligible with respect to radial velocities, the velocity-dependent acceleration
will therefore have a completely different effect than in the linear regime.141
For this reason, when comparing the properties of nonlinear structures, it is
necessary to avoid considering the linear friction term and the nonlinear velocity-
dependent acceleration as a single phenomenon. One must always distinguish be-
tween its linear and nonlinear behavior. Failing to do so can cause some further
confusion when determinig which effects of interacting DE are the most relevant to
the nonlinear dynamics of CDM particles.
As we have said before, the study of the nonlinear effects of interacting DE mod-
els with appropriately modified N-body algorithms has become popular recently.
The first hydrodynamical high-resolution N-body simulations of interacting DE
models have been performed with a modification of the parallel TreePM code
GADGET-2142 and presented in.144 Other studies have then been carried out by
means of mesh or Tree based N-body algorithms, but without hydrodynamics,143, 146
whose results are in good agreement with results from.144
All of the above can be summarized in the following way:
• The interaction between dark matter and dark energy can lead to quicker growth
of linear density perturbations when compared to ΛCDM;
• Interaction that includes only DE and CDM, while leaving baryons completely
uncoupled, leads to a difference in the rates of evolution of baryon and CDM
density fluctuations in interacting DE models; this leads to a significant reduc-
tion of the relative role played by baryons in the galactic halo, as well as in
collapsed objects at z = 0;
• For the case of constant couplings (see formulas (530)-(531)), the CDM density
profiles of massive halos at z = 0 are always less concentrated in interacting
DE scenarios when compared to ΛCDM; this does not necessarily hold for the
more general case of time dependent couplings.141
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10.8.2. Simulations of the large scale structure of the Universe
As an example of the simulation of large scale structure of the Universe that takes
dark sector coupling into account, we will look at the Coupled Dark Energy Cos-
mological Simulations project (CoDECS). Below, briefly, we will present the N-body
simulations for Coupled Dark Energy cosmologies in terms of simulated volume,
numerical resolution, and range of models covered in the numerical sample. These
include both collisionless runs at large scales and adiabatic hydrodynamical sim-
ulations at small scales for five different Coupled Dark Energy scenarios, besides
the standard fiducial ΛCDM cosmology. The various Coupled Dark Energy models
include constant coupling models,12 variable coupling models,45 and the recently
proposed Bouncing Coupled Dark Energy scenario.241 All the models share the
same set of cosmological parameters at the present time, and the same amplitude of
density perturbations at the redshift of the last scattering surface (zCMB ≈ 1100),
both consistent with the latest results from the WMAP satellite.127
The CoDECS project is aimed at providing publicly available data from large
N-body simulations for a significant number of interacting Dark Energy (DE) cos-
mological models.
The background dynamic equations for the different cosmological components
are given by
φ¨+ 3Hφ˙+
dV
dφ
=
√
2
3
βc(φ)
ρc
MPl
, (537)
ρ˙c + 3Hρc = −
√
2
3
βc(φ)
ρcφ˙
MPl
, (538)
ρ˙b + 3Hρb = 0 , (539)
ρ˙r + 4Hρr = 0 , (540)
3H2 =
1
M2Pl
(ρr + ρc + ρb + ρφ) , (541)
where the source terms on the right hand side of Eqs. (537,538) represent the inter-
action between the DE scalar field φ and the CDM particles.
The coupling function βc(φ) sets the strength of the interaction, while the sign of
the quantity φ˙βc(φ) determines the direction of the energy-momentum flux between
the two components. With the convention assumed in Eqs. (537,538), a positive
combination φ˙βc(φ) > 0 corresponds to a transfer of energy-momentum from CDM
to DE, while the opposite trend occurs for negative values of φ˙βc(φ).
In the range of models included in the CoDECS project, we will consider two
possible candidates for the scalar field self-interaction potential V (φ), namely an
exponential potential:8
V (φ) = Ae−αφ (542)
and a SUGRA potential:253
V (φ) = Aφ−αeφ
2/2 . (543)
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To complete the definition of the range of models considered in the CoDECS
project, we need to specify the coupling function βc(φ), for which we will assume
the exponential form proposed by:24, 45
βc(φ) ≡ β0eβ1φ (544)
We wil also consider in our analysis both the case of a constant coupling (β1 = 0)
and of an exponentially growing coupling (β1 > 0).
All the cosmological models analysed in the CoDECS project, as well as the pa-
rameters of these models, are summarized in Table 10.8.2.
This whole parameter set assumes that the Universe is planar, and therefore
that Ωc = 1 − Ωr − Ωb − Ωφ. Specifically, all of the parameters are in agreement
with the ”WMAP7 only Maximum Likelihood” results of,127 which are listed in
Table 2.
Parameter Value
H0 70.3 km s
−1 Mpc−1
ΩCDM 0.226
ΩDE 0.729
As 2.42× 10−9
Ωb 0.0451
ns 0.966
Model Potential α β0 β1
Scalar field
normalization
Potential
normalizationwφ(z = 0) As(zCMB) σ8(z = 0)
ΛCDM V (φ) = A – – – – A = 0.0219 −1.0 2.42 × 10−9 0.809
EXP001 V (φ) = Ae−αφ 0.08 0.05 0 φ(z = 0) = 0 A = 0.0218 −0.997 2.42 × 10−9 0.825
EXP002 V (φ) = Ae−αφ 0.08 0.1 0 φ(z = 0) = 0 A = 0.0218 −0.995 2.42 × 10−9 0.875
EXP003 V (φ) = Ae−αφ 0.08 0.15 0 φ(z = 0) = 0 A = 0.0218 −0.992 2.42 × 10−9 0.967
EXP008e3 V (φ) = Ae−αφ 0.08 0.4 3 φ(z = 0) = 0 A = 0.0217 −0.982 2.42 × 10−9 0.895
SUGRA003 V (φ) = Aφ−αeφ2/2 2.15 -0.15 0 φ(z →∞) = √α A = 0.0202 −0.901 2.42 × 10−9 0.806
The CoDECS suite includes, at the present time, the six different cosmologi-
cal models listed in Table 10.8.2.242 For all these models, two different N-body
simulations (with different parameter sets) have so far been performed. They are
calledL-CoDECS and H-CoDECS. Both sets of simulations consist of a cosmological
volume with periodic boundary conditions filled with an equal number of CDM and
baryonic particles, but differ from each other in scale and in the physical processes
included in the runs. All simulations have been carried out with the modified version
(by144) of the widely used parallel Tree-PM N-body code GADGET,142 specifically
developed to include all the additional physical effects that characterize CDE mod-
els.144
The L-CoDECS simulations have a box size of 1 comoving Gpc/h aside and in-
clude 10243 CDM and baryon particles for a total particle number of 2 × 10243 ≈
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2× 109. The mass resolution at z = 0 for this set of simulations is mc = 5.84× 1010
M⊙/h for CDM and mb = 1.17 × 1010 M⊙/h for baryons. Despite the presence of
baryonic particles, these simulations do not include hydrodynamics, and are there-
fore purely collisionless N-body runs. The inclusion of baryonic particles is necessary
in order to realistically follow the growth of structures in the context of specific cos-
mological scenarios (as the CDE models under discussion here) where baryons and
CDM do not obey the same dynamical equations.
Fig. 31. The CDM density distribution in a slice with size 1000 × 250 Mpc/h and thickness 30
Mpc/h, as extracted from the L-CoDECS simulations of a few selected models. The middle slice
shows the case of the standard ΛCDM cosmology, while the top slice is taken from the EXP003
simulation and the bottom slice from the bouncing CDE model SUGRA003. While the latter
model shows basically no difference with respect to ΛCDM at z = 0, due to the very similar value
of σ8 for the two models, clear differences in the overall density contrast and in the distribution
of individual halos can be easily identified for the EXP003 cosmology.242
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Fig. 32. The gas density distribution during the formation process of a massive galaxy cluster, as
extracted from the H-CoDECS runs for the same three models shown in Fig. 31. Also, in this case,
differences in the overall density contrast and in the distribution of the individual lumps are clearly
visible when comparing the standard ΛCDM cosmology and the EXP003 CDE model at z = 0.
However, in this case, the redshift evolution shown in the figure also lets us identify differences
between ΛCDM and the bouncing CDE model SUGRA003 at higher redshifts, where the latter
model appears more evolved and shows a more pronounced density contrast when compared to
the standard cosmology.242
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